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Bucketing Coding and Information Theory
for the Statistical High Dimensional
Nearest Neighbor Problem

Moshe Dubiner

Abstract—The problem of finding high dimensional approxi- g, x; i'th bits have the joint probability matrix
mate nearest neighbors is considered, when the data is geag¢ed
by some known probabilistic model. A large natural class of P = ( p/2 (1-p)/2 ) (1)
(1-p)/2  p/2

algorithms (bucketing codes) is investigated, Bucketingnifor-

mation is defined, and is proven to bound the performance ; .

of all bucketing codes. The bucketing information bound is for-some knownt /2 < p < 1. In. practicep Wlll?have t(.) be_ .
asymptotically attained by some randomly constructed buckting €Stimated. What does information theory say? For simplicit
codes. let us consider a single matched pair. It is distinguished by

The example ofn Bernoulli(1/2) very long (lengthd — o0) se- having a smaller than expected Hamming distance. Define
guences of bits is singled out. It is assumed that—2m sequences

d
are completely independent, while the remaining2m sequences

are composed ofn dependent pairs. The interdependence within InW =1Inng +Inn; — Z I(F) )
each pair is that their bits agree with probability 1/2 < p < 1. i=0

It is well known how to find Jmost pairs with high probability  whereI(P;) is the mutual information between the matched
by performing order of n'°¢2=/? comparisons. It is shown that pair's'th coordinate valuesi(In(2p) + (1 —p) In(2(1 —p)) for

order of n'/P*< comparisons suffice, for anye > 0. A specific two .
dimensional inequality (proven in another paper) implies hat the the example). Information theory tells us that we can nothop

exponent1/p cannot be lowered. Moreover if one sequence out of t0 pin the matched pair down into less thanpossibilities, but
each pair belongs to a known set of (2P~ 1? sequences, pairing €an come close to it in some asymptotic sense. Assume that

can be done using ordemn'*< comparisons! W is small. How can we find the matched pairs? The trivial
Index Terms—Approximate nearest neighbor, Information the- W&y t0 do it is to compare all theon; pairs. Many papers
ory have shown how to do this in not much more th@fng +n1)

operations, when the dimensianis fixed. Howeved?” small
implies thatd is at least of ordeln(ny + n1). There is some
I. INTRODUCTION literature dealing with the high dimensional nearest nieagh
. problem. The earliest references | am aware of are Manber
Uppose we have two bags of poini, and X, randomly 10], Paturi, Rajasekaran and Reif [12], Karp,Waarts and

distributed in a high-dimensional space. The points a . .
independent of each other, with the exception that some Aveld [9], Broder [3], Indyk and Motwani [8]. They do not

; o B » limit themselves to our simplistic example, but can hantlle i
known matched pairs fronX, x X, are significantly “closer ithout restricting aenerality let. < Randomly choose
to each other than random chance would account for. \»é 99 Y 16to = M1 y

want an efficient algorithm for quickly finding these pairs. m ~ logy no 3

We worked on finding texts that are translations of each pther fthed di d h . . hich

which is a two bags problem (the bags are languages). In mou{ of thed coor mat_es, and compare the pomt_ pairs whic

cases there is onlv one bath — Y. — X Al 8Gtee on these coordinates (in other words, fall into theesam
y one bag, = X, = X, no =y = n. ucket). The expected number of comparisons is at most

The two bags model is slightly more complicated, but leads

to clearer thinking. It is a bit reminiscent of fast matrix noni12” " & ny (4)

multiplication: even when one is interested only in squalBiiie the probability of success of one comparisop'is In

matrices, it pay§ to consider rectan_gular ma_ltnces too._ case of failure try again, with other randomcoordinates. At
Let us start with the well known simple umforrg marg'na”yﬁrst glance it might seem that the expected number of tries
Bernoulli(1/2) example. Suppos&, X1 C {0,1}7 of sizes 4| success ig—™, but that is not true because the attempts

no,n1 respectively are randomly chosen as independeflly interdependent. An extreme exampledis= m, where
Bernoulli(1/2) variables, with one exception. Choose UNja attempts are identical. In the unlimited data cése oo

formly rgndomly one pointry € XO_’ xor It W'_th a random expected number of tries is indegd™, so the expected
Bernoulli(l — p) vector and overwrite one uniformly chosery, ;mper of comparisons is
random pointr; € X;. A symmetric description is to say that o 1

W a2 p~™ng = ng®2 /pnl (5)
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the data. For instance, divide the coordinates into trspéetd S,, =27¢ ( m ) .

replace each triplet by its majority. This particular sclestoes [m/2]

not work (it effectively replaceg with the lowerp® + 3p(1 — . [( d—m ) ( d—m )} (12)
p)?). Other simple attempts fail too. Alon [1] has suggested do — [m/2] do — [(m+1)/2]

the possibility of improvement fop = 1 — o(1) by using
Hamming’s perfect code.

In this article, we prove that in the, = n;y = n case,
W a nl°822/P can be reduced to

The explanation follows. In these formulas is the number
of coordinates at which the matched pair’s values disagree:
xo,; # x1,. Consider the matched pair fixed. There afe
possible buckets, independently chosen. Consider oneshuck
W a nl/pte (6) Forj,k = 0,1 denote bym;), the number of coordinates
such thaty ; @ b; = j andzg ; ® z1,; = k whered is the xor
for any 1/2 <p< 1, € > 0. _The algo_rithm is described in operation. We know thatig +m11 = m andmgo+mio = d—
the next section. Amazingly it is possible to characterfze t,,, Both z0, 21 fall into the basket iffmog +mor = do — 1, do

asymptotically best exponent not only for this problem, bignd g + mq; = do — 1, do. There are two possibilities
for a much larger class. We allow non binary discrete data,

a limited amount of datad(< co) and a general probability < Moo 1Mol > - ( do — [m/2] [m/2] ) (13)
distribution of each coordinate. It turn out that mio M1 d—do—[m/2| [m/2]

( Mmoo Mot > _ ( do = [(m+1)/2] [m/ﬂ 2-

InW > sup Mlnng+ A Inn; + pln S—

Mo <1< N0+ mio M11 d — do — L(m — 1)/2J m/2J

: idi moo + Mi1o mo1 + mii1
_ ZI(B’ Ao, /\hﬂ)] @) each prowdlng( Moo > < Moy ) buckets.
i=1 Clearly m obeys a Binomidin,1 — p) distribution, so by
where W is the work, S is the success probability andChebyshev's inequality andl — S,,)" < =", for any
I(P;, Mo, A1, p) is a newly defineducketing information 9 >0

function, generalizing Shanon’s mutual informatio(P) = S > min 1— e TSm — ) (15)
I(P;,1,1,00). We prove that the inequality is asymptotically  Im—(1—p)d|<\/p(1—p)d/5
tight, see section V. Full general proofs are given in t .
appendices. The rest of this paper contains instructive | ence taking
general proofs and examples. T=[-Iné§/ min S | (16)
|m—(1—p)d|<+/p(1—p)d/s
Il. AN ASYMPTOTICALLY BETTERALGORITHM guaranties a success probabilify > 1 — 26. What is the

The following algorithm works for the uniform marginallyrelationship between and7? Let
Bernoulli(1/2) problem (1) withl /2 < p < 1. Let0 < dp < d
be some natural numbers. We construd¢tdimensional bucket do ~ (L+0)d[2, d— o0 (17)
in the following way. Choose a random poiate {0,1}¢. By Stirling’s approximation

The bucket contains all points € {0,1}¢ such for exactly lnn 146
do — 1 or dy coordinates, we havex; = b;. (It is even better lim — =In2—-H (—) =
to allow dy — 1,...,d, but the analysis gets a little messy.) deo
The algorithm used” such buckets, independently chosen. = ﬂln(l +6)+ 1-9 In(1 —0) (18)
All point pairs falling into the same bucket are compared. A 2
true matching pair is considered successfully found iffétsy and
compared. The probability of a poiat falling into a bucket . InT 1+6/p
is dlLII;o—:pln2—pH <7> =
:( d )2—d+( d)2—d ®) +6 5
bax do —1 do :p2 1n(1+§/p)+p2 In(1-46/p) (19)
Let the number of points be Letting 6 — 0 results in exponent
mo=m =n=[1/pa] @) lim lim 2L =1 (20)
This way the expected number of comparisons (point pairs in 0=0d—ocInn  p
the same bucket) is at most We are not yet finished with this algorithm, because the

5 number of comparisons is not the only component of work.
T(npan)” <T (10) One also has to throw the points into the buckets. The
The probability that a matched pair falls at least once ihto t Straightforward way of doing it is to check the point-bucket
same bucket is pairs. This involve@2nT checks, which is worse than the naive
d n? algorithm! This is overcome as follows. Suppose we want
S — Z ( d )pd—m(l —p)m [1 —(1-8,)" (11) to handlen points havingd coordinates. Let = [#'/*] and
o \ d = |d/k] for somek > 1, and take thet’'th tensor power
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of the previous algorithm. That means throwinj points in  Without restricting generality we requifg ;.p; . > 0 (oth-

{0,1}* into T* buckets. The success probability §&, the erwise remove the zero rows and columns). Monochromatic

expected number of comparisons is at nip&t but throwing pairs are allowed only whep; ;. = p;.; , for the tech-

the points into the buckets takes only an expected numbmgcal purpose of duplicating a monochromatic set of points

of 2n*T vector operations (of lengthkd). Hence the total X, = X; = X. The probability thatz; = y; = j iS pi js,

expected number of vector operations is at most with independence between coordinates.

T* 4 ok (21) I_—|ow much work is necessary in. order to find most matched

pairs? For general algorithms, this seems an extremely hard

The bucketing is done by depth first search over the reguitestion. All known algorithms rely on collecting putative

T branching tree of depth. Vertex (t1,t»,...,t;) at depth point pairs in buckets of some sort, so we will limit oursalve
j points to those originak* points which fell into bucket to these algorithms. But what are bucketing algorithms? One
0 < t; < T by their firstd coordinates etc. Hence could choose &, point and aX; point in some complicated
. data dependent way, then throw them into a single bucket. It
k+kn (22) s unlikely to work, but can you prove it? In order to disallow
pointers suffice to represent the path from the root to tif/ch knavery we will insist on data independent buckets.
current vertex and its content. Taking Most practical bucketing algorithms are data dependerdat Th
is necessary because the data is used to construct (usually
k=[1/(1-p)] (23) implicitly) a data model. We suspect that when the data model

is known, there is little to be gained by making the bucketa da
dependent, but would welcome and greatly appreciate even a
single contrary example.

Definition 3.2: A bucketing code is a set d@f subset pairs

lets us approach the promised (6) exponkfit.

IIl. THE PROBABILISTIC APPROXIMATE NEAREST
NEIGHBOR PROBLEM

How should the approximate nearest neighbor problem be (Bo,0, B1,0),---,(Bo,r—1, Bi,r-1) C Xo x X1 (30)
modeled? We follow in the footsteps of noisy channel theor,
Definition 3.1: Let the sets

XoC{0,1,...,b0—1}¢, X; C{0,1,...,b1 —1}¢ (24) S = PUI By x B (31)
and for any real numbensy, n; > 0 its work is

s success probability is

of cardinalities #Xy = ng, #X1 = mn; be randomly
constructed using probability matrices T-1 T-1
W = max Z NoPBy, 1+ > Z N1PxB1 ¢ »
Di,00 bi,o1 <o Pi0 bi—1 =0 =0
Pi,10 Pii1 <o Pi0 b1 T—1
P = 25
‘ : : I ( ) ’ Z nOpBo,t*nlp*Bl,t> (32)
Pibo—10 Pibo—11 -+ Dibo—1 by—1 . = .
b 1b 1 Clearly S is the probability that a matched pair falls together
0— 1—

into at least one bucket. Work has to be explained. In the

Pijk 2 05 Pie = Z Z Pijk =1 (26)  2bove definition we consider,, n; to be the expected number
I=0 k=0 of Xy, X; points, so they are not necessarily integers. The

The ngny vector pairs are divided into 3 (possibly emptykimplest implementation of a bucketing code is to store it as

classes: matched, random and monochromatic. For a matchgg arrays of lists, indexed by the possible vectors. The firs

pair z € Xo, y € X, the probability thate; = j andy; =k array of sizeb? keeps for each point € {0,1,...,by — 1}¢

is p; s and there is independence between coordinates. 9é list of buckets (from0 to 7" — 1) which contain it.

any setB C {0,...,bp — 1} x {0,...,by — 1}¢ The second array of siz# does the same for th&, ,’s.
d When we are givenX, and X; we look each element up,
pB = Z Hpi,ziyi (27) and accumulate pointers to it in linked lists, each origimat
(z.9)€Bi=1 from a bucket. Then we compare the pairs in each of the

T buckets. Let us count the expected number of operations.
The expected number of buckets containing any spedgific
point is ZtT:_Ol PB,..+» SO theXq lookups involve an order of

For a random pait € Xy, y € X; the probability that:; = j
andy; = k is p; j.pi,«, Where the marginal probabilities are

b1l bo—1 no + 31y P, Operations. Similarly theX; lookups take
Dije = D Dijk  Dixk = )_ Pijk 28) , + S pen,, The probability that a specific random pair
k=0 7=0 ’

falls into buckett is pp, ,«p«B,,, SO the expected number

and there is independence between coordinates. FoBamy  of comparisons isupp, ,«n1p«s, . It all adds up to at most
Xo, B1 C X3 ng +ni + 3W.

The behavior of ofS and W under tensor product is

d d
PByx = Z szi* PeB, = Z Hp*yi (29) important. Suppose we have two bucketing codes defined on
2€Bg i=1 yEBy i=1 different coordinates. Concatenating the codes givesesscc
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probability of exactly 515, (success probability is multi- |, particular for u — oo we have( Pik )ﬁ

_ 1+
plicative), while the work if bounded from above BYy; W, Pivber
( Lk )+O((u—1)* ) so

(work is sub-multiplicative). There is no value in havmgr In PjnDok

W < max(ng,n1) by itself, but it is advantageous to allow it bo—1 b1

in a tensor product factor. For that reason formula (32) does Djk

not includeny andn; inside the maximization brackets. I(P,1,1,00) = I(P Z Z pikIn DjsDsk (39)
The fly in the ointment is that for even moderate dimension

d the memory requirement is out of the universe. Hence tMéere(P) is Shannon's mutual information.

code in memory approach can be used only for smalthis ~ Formula (34) does not make it clear thatP, Ao, A1, 1) is

is familiar from the theory of block coding. Higher dimensgo honnegative, far less its other basic properties. We wdlpr

can be handled by splitting them up into short blocks (asén tin appendix A that

previous section), or by more sophisticated coding algorit. ~~ Theorem 4.1: For any probability matrix” the bucketing

In any caselV is a lower bound on the actual work of ainformation function/(P, Ao, A1, 1) is nonnegative, monoton-

7=0 k=0

bucketing algorithm. ically nondecreasing and convex M, A1, —u. Moreover
IV. BUCKETING INFORMATION I(P, Ao A 1) = 0 <= I(P, Ao, A, 1) =0 (40)

We will show in the next section that the performance dive will prove in appendix B that
bucketing codes is governed by thecketing information Theorem 4.2: For any probability matrice®, , P» and their
function I(P, Ao, A1, 1), defined for tensor produci’; x P,

0< X, Mt ST < g0+ A (33)  I(P1 x Py, Mo, A1, 1) = I(Pr, Ao, Ar, 1) + I(Pa, Ao, Ax, o)
We have an embarrassment of riches: three different buncketi ) ] (41) )
information formulas (not counting in-between variatipns Because (34) if opaque, we will use the longer but easier
none of them intuitive. The shortest is still pretty long to manipulate definition A.1. Their equivalence will be peov
bo—1 by 1 for 4 = 1 in section VII. The general equivalence is not used
I(P Ao, A, ) = min  max max In Z Z in this paper, so is relegated to [6].

{2k 20} {m0,; 20}, {w1 p=0}p

O e =0 V. MAIN RESULTS
= yet g A Our key lower bound is
Djk (p”“) ("TO_J) (M) Theorem 5.1: For anyd dimensional bucketing code han-
Zjk Djx Dk dling data with probability matricesh,..., P;, set sizes
ng, n1, success probability and work W
Defining aby x by matrix M (P, Z, Ao, A1, i) by
ik p—1 \ InW > sup Alnng+ A Inng + pln S—
e ( - ) () )™ (35) 0SXo M ST Aotk
Zik d
and denoting byl| ||, the operator norm froni, to Lg, —ZI(H,)\O,)\l,u)
formula (34) can be written as i=1
(42)

I(P, Ao, A1, 1) = minln |M (P, Z, Ao, A1, )| 2.
zZ 201X

This will be proven in appendix C. In appendix D we will
where Z goes over all probability matrices. In order to seghow that the lower bound is asymptotically tight:

some connection with classical information theory let us Definition 5.1: For any probability matrix P let
consider)\y = A\; = 1. The x maximization is easy, shifting

all weight to a single cell: w(P) = = Inpj,«pst, (43)

p—1 Pjk
Djk <@> @37) where indicesj;, k1 maximize Jp*k

I(P,1,1,p) =In min  max Theorem 5.2: For anye > 0 there exits a constante) > 0

{2j120tji 0i<bo PjxPxk \ Zjk : . L
0<j<by 0<k<by such that for any dimensiod > 1, probabilities satisfying
0<k<b . .

P pijk =00rp; jx >ecforanyl <i<d, 0<j<b0<

) N P k < by and parameters < ng,n; < W, 0 < S < 1 satisfying
jk jk PRPE Y . — . . .
Hence Pj*Jp*k (zj_k) = e #oso oz 2 (42) andW > ngnie 2 WP there exists a bucketing code
1

) T . i i 1 a(e)+ed i
pjk( Py e,](p_rlyl_’#))u T which together withz., — 1 with W(_)_rk W < I/Iie( e vector operations _and success
PjxPsk L probability S > Se~¢)=<¢, The memory requirements are
gives 1 > Y. (ppjpkk) P M Equality is al) size code table andy + 11 vectors of pointers.
clearly achievable so ’ The boundW > ngnie” 22, (P) has effect beyondV’ >

L no,n1 only whenmin(ng, n1)e” 22:#(P) 5 1 which implies
) (38) bothng Hlepiyji* > 1 andn, Hlepi,*ki > 1i.e. we expect
several data points to be indistinguishable. This coulcgpkap

bo—1b1—1
I(Palala:u) ( _1 IHZ Zpﬂc(

=0 k=0 DjxPxk
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For example whenl = 0 we can either reject all pairsy = Let us reconsideP; = p/2 (1-p)/2 . o
0, W = 0 or accept all pairsS = 1, W = ngn. , (I-p)/2  p/2

The loss factore—<! seems excessive. Evefi > 1/2 "™ =" from section Il. The matrixP is symmetric so
might be considered too low. For constaRf = P it is I(P, Mo, A1, 1) = I(P, A1, Ao, 1) (48)
indeed possible to utilize the approach of section Il to wbta . o
S > S(1 - o(1)), or evenS > S(1 — e—<%) by replacing The convexity ofl implies
Chebyshev’s me_quahtylwnh Qhernoff’s inequality. We are 1(p, \g, Ay, 1) > I(P, (Ao + M)/2, (Ao + M) /2, 1) (49)
more interested in making a first stab at the much neglected
heterogeneous problem. so in theorems 5.1,5.2 it is enough to considgr= \; = .

An equivalent way of writing condition (42) is Definition A.1 involves a finite dimensional maximum, so it
is easy to obtain lower bounds. We will show in section VIII
that for anye > 0

d
(Inng,Inny, —InS,mW) € Y D(P,) (44)
i=1 I(P,1/(2p) +¢,1/(2p) + €,00) > 0 (50)
where
Hence for anyl/2 < A <1< pu,d > Inn/I(P,1/(2p) +
Definition 5.2: For any probability matrix P, its 1/(2p) + € O};)/ a /1P 1/(2p)
log — attainable set is ’ ’
2AInn+ puln S — I(P, A\ p)d <

D(P):{(moamlvsvw)|\V/)\07A1§1§H7)\0+A1 §2)\1nn—I(P,/\,)\,oo)d§(1/p—|—26)1nn (51)

> —us — I(P. 45 .
w2 dommo + Aima = pis = I(P Ao Ar, )} (49) (consider) < 1/(2p) + ¢ and A > 1/(2p) + € separately).

In terms of log-attainable sets, theorem 4.2 is equivalent t Theorem 5.2 says that with wolk’ < n'/P+3<ca(9) we can
attain success probability ¢e~%(<), In the other direction
D(Py x Py) = D(P)) + D(P,) (46)

InW >1/plan+1InS—I1(P,1/(2p),1/(2p),1)d (52)

Intuitively the meaning of the critical\y (attaining the )
supremum) is that when we doublg, the work increases N @ separate paper [6] we will prove
approximately by a factor o*°. The reason fon, > 0 is  1heorem 5.3:
that increasingyy does not decrease the work. The reason for p/2 (1-p)/2 1/(2p),1/(2p),1) = 0
Ao < 1 is that doublingn, can at most double the work (use (1-p)/2 p/2 ’ P); Pt )=
the same bucketing code). Similafly< \; < 1. The reason (53)
for Ao + A1 > 1 is that if we doubleny, and n; the work Hencel/p is indeed the critical exponent.
must be at least doubled. The meaning of the criticé that Thus we have obtained a near tight lower bound involving a
when we double the work, the success probability increasggneralization of mutual information, which is asymptatig
approximately by a factor o2'/#. The reason fop. > 1 is approximated by a randomly constructed block code. The
that doubling the work at most doubles the success probabinalogy with Shannon’s coding and information theory (and
(the largersS is, the harder it is to improve). coding with distortion theory) is very strong, suggestihgtt

In order to illustrate how (42) works let us consider diagon&aybe we are redoing it in disguise. If it is a disguise,
P (pjk =0 forj 7§ k) There are no errors, so the best COdég is quite effective. At least we feel fU”y justified Calt_iﬂ
must consist of pairs of identical points. When we demarld Ao, A1, 1) the bucketing information function.
S = 1 the supremum of (42) is attained hy = cc. For a We also refer the reader to [5], which tackles a particular
diagonal matrixZ (P, Ao, A1, 00) = (Ao + Ay — 1)I(P) where class of practical bucketing algorithms (small leaves btiok
I(P) = _Zs;épjj Inp;; is the information. Insertion into forests). Their performance turns out to be bounded by a

(42) re_veals the expectéd W > Inng +Inn; — Z{i I(P) small leaves bucketing information function, and that
Even whenS < 1 and u <_ 50 (;or a diagorﬁzllP tzhe bound is asymptotically attained by a specific practicabalg
function I(P, Ao, A1, ;1) turns out to be a familiar object of rithm.

large deviation theory.

When there are errors we can not insist on a pefeet 1. VI. IMPLICATION FOR THE INDYK-MOTWANI THEORY
Inserting\o = A1 = 1, u = Inln(ng + ny) into (42) reveals  The Indyk-Motwani paper [8] introduces a metric based,
that worst case analysis. It is (nonessentially) monochromatic

meaning thatX, = X; = X ¢ RY ng = n; = n.
There is a metricdist and constantg > 1, » > 0 such
d that matched pairs,y € X satisfy dist(x,y) < r while
—ZI(P,I,I,lnln(no—i-nl)) (47)  random pairs satisfydist(xz,y) > cr. They have shown
=1 that for an L, metric dist(z,y) = Y0, |x; — wil there
Forng+ny — oo I(P,1,1,Inln(ng +n1)) — I(P,1,1,00) exists an algorithm (called LSH) with success probability
which turns out to be the familiar mutual informatidiP), S = 1—o(1) and workW = O(n'*'/¢). We prefer Shannon’s
so we have recreated a version of the information theoretidformation theoretic formulation, for reasons explainad
(2). [5]. Nevertheless an LSH is a bucketing code obeying certain

InW >Inng+1Inn; +Inln(ng +nq) In S—
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symmetry and disjointness requirements, so our lower workDefinition 7.2: SupposeP is a probability matrix. For any
bounds apply. Let the metritist® be the standarfl, distance Mg, A\ <1< Ao+ A;

o p/2  (1-p)/2
andP; = (1—p)/2 )2 , d — 0. By the law of I(P, Ao, A1, 1) = mgX[AOK(Q~*|‘P*)+
large numbers for a matched péir, y) dist®(z,y) = (1—p+
o(1))d, while for a random paidist® (x, y) = (1/2 + o(1))d TMK(Qu|[P) = K(Q-[[P)] - (60)

soc® =1/(2—2p)+o(1). Theorem 5.3 implies that in orderwhere () ranges over all probability matrices of the same
to achieve success probability2 the LSH will have at least dimensions as”.

W > nl/P/2 = nl*l/ G =DFo() |n [8]'s terms Explicitly
ps(c) >1/(2¢° = 1) (54) bo—1
which slightly improves Motwani Naor and Panigrahy’s [11] I(P, Ao, M1, 1) = e l/\o Z gj» In _+
et "1 0<j<bg
ps(c) 2 e 41" 0<k<by

Qe =1

VIl. A PROOF FROM THE BOOK b1 bo—1bi—1

qxk qjk

The general proofs are quite complicated. However there is M kzo ek 1n ZO kzo ajetn ] (61)
an interesting simpler special cage:= 1. Let us see when !
it comes into play. Suppose we have unlimited homogeneoligis definition makes it clear that the bucketing informatio
dataP, = P for i = 1,2, .... What dotheorems 5.1,5.%ay? function is nonnegative (insefp = P), monotonically non-
WheneverI(P, Ao, A1, 1) > 0 we can taked large enough decreasing in\o, A1 (lemma 7.1) and is convex ing, Ay
so that the bound means nothing. So the only distinction (@aximum of linear functions).
whetherI(P, Ao, A1, 1) = 0 or not. Because of (40) this is Let us reconcile with (34):
independent ofu, so . = 1 gives the stronger bounds. In Theorem 7.2:

short I(P, 2o, Aiu1) =
InW > sup [MoInng+ A lnng +1InS]  (55) bo—1b1—1 - o e\
20 A1 S1EX0 A _ a a 1 ( 0,7) <L> _
f(P20A1)=0 (oo 201, (o1 p 20 JZO ];Jpgk Pj Dk
and this is asymptotically tight. It can be written as ;zfj:bg (Ziii
(Inng,Inng, —In S,In W) € Cone(D(P)) (56) (62)
where we define thiog-attainable cone e Sk
’ = e (1= A0 ) [Z pakp“’( ) ]
CODG(D(P)) = UQZOO‘D(P) = {(m07mla S, w) | i;:lblk J=0 Lk=0
V2, A <1< A+ XNy o-=t

(63)
I(P,)\(),/\l,l):o - wZ)\omo—l-/\lml—s} (57)
) o ~ Proof: Using 7.1, (61) can be rewritten as
The constructive part of the proof (asymptotic tightness) i

similar to what we did in section Il. In this section we will I(P, Ao, \1,1) = max max max
prove the lower bound. fr =m0 200 Gk =
We begin with some definitions. osk<ty wo.=l o @1.=l
Definition 7.1: For any nonnegative matrix or vectar, e _
and a probability matrix or vectoP of the same dimensions quk {,\01 p —In ;J—k} (64)
*k 'k

by x by, let the extended Kullback-Leibler divergence be

bo—1b1—1 Again 7.1 prowdes the optimal;.’s
K(R||P) Tk In >0 58
” Z Z an T**ng - (58)

j=0 k=0 1’03 Ao (Illé)h
djk = Pjk ( - Pik —
wherer,, = Zbo DD ! "\ pj p*k Z pj* D

Non-negativity follows from the well known log-sum inequal (65)
ity: _ Insertion into (64) gives (62). Then standafd1 , 1 L
Lemma 7.1: For any nonnegativeyg,qi,...,q—1 > 0, duality proves (63). m
P0;P1s - -5 P12 0 Proof of theorem 4.2 for i = 1:
b—1
qulnﬁz%ln& (59)  L(Prx Py, o, A1, 1) = I(Pr, Ao, Aus 1) 4+ 1(P2; Ao, Aty 1)
=0 Dy D« (66)
Proof: Inequality I(P; X P2, A0, A1,1) >
whereq. = Z —o q4j , Dx = Z —op I(P1, Ao, A1,1) + I(P2,Xo,A1,1) is obvious because

The bucketmg information function fou =1 is defined by e can choos&) = Q; x Q.. The other direction is the
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challenge. Denoté; = I(Py, Ao, A1, 1), Is = I(Pa, Ao, A1, 1)
and P = P x P

Pijikjaks = P1,j1k1P2,joks (67)

The nonstandard k;j2ko ordering of coordinates will be
used throughout this proof. For any probability matrix

{qj1k1j2k2 }jlkljzkz

Qi1 k1jaks
E : Qjr kyjake 10 - - =
P1,j1k1DP2,jaks

Jikijz2k2
i1k I
=D ik IS Y s In R
Jik1 P1,jiks Jjikijoka Qj1 k1 %02, 5ok
(68)
By definition
9j1k
I+ D @iy In 22525 >
Jiki 1,51k1
4 qxk
> )\qujl*** hlm +)\12q*k1** In sk ok (69)
] P1,jy+ D1 shy
J1 o
and for all j, k¢
Ljskrjaks / Djs
I+ Gikrjoka/ Qi ne In LELLEZLENIIE >
2k P2,jsks
J2R2
Qjrkrgor/ ik
> Ao Z qjlkljz*/qjlkl** n Lfagek/ Ak
. DP2,jox
J2
Bjskaska / Dk
A1 Z dj1 k1 *k}g/qjl Foy ok I Hari*re/ djiky ks (70)
ka2 D2,xk,

Thus when multiplying byy;, 1, .« and summing ovey; k4

Qj1 k1 jok
I + Z Ujr ook I — 211202

vk jaks Q1 k1%xP2,ja ko

dj1kyjox
> Ao E Qjikorjox L —————+
j1k1ja djy k1% P2, jox

Q51 ky%ko
+A1 E Gj1 by wky 1D —————
qj1k15xP2,xko

(71)

Jikikz

so with help from lemma 7.1

j1kijak
Lt Y Qiikajok, In —22 22— >

1K1 jaks Qj1k1#%P2,j2ko

2 : Qi +jox
2 A0 qjyxjox In +
172 qjl***p27j2*

Qxkyxk
+/\1§ Q*kl*kgln =2
Qskey x5 P2, xko
kiko

Combining formulas (68),(69) and (72) gives

(72)

L+L+ Z qjlklhblnMZ

1k jaks P1,j1k1P2,52 k2

§ Qj1xj2x
2 )\O le*jz* In ] — +
12 P1,j1#P2,jo %

Ak xko
AN D Gy In — 2
ik D1,xkq P2,%ko
1~2

hencel; + I, ZI(Pl X Py, Ao, A1, 1), |

(73)

Theorem 7.3: For any By C {0,1,...,bp — 1}, By C
{0,1,...,b; — 1}

- Xo oA I(PAo A, 1)d
< min S 74
PBoBr = |\ 8180042, P BoxlsBy (74)

Proof: Without restricting generality let = 1. Inserting

q.k_{pgjﬁ jEBo,kEBl
Ik

75
0 otherwise (75)

into (61) and using lemma 7.1 proves the assertion. H

We can now prove an important special case of theorem
5.1:

Theorem 7.4: For any bucketing code with probability
matricesP; = P, set sizesg, n1, success probability and
work W

W >S5 sup ng‘oni‘lefl(P’)‘o’Al’l)d (76)
A0, A1 <1< o+
Proof: Without restricting generality led = 1. By
definition3W > ", W; where
Wi = max (nopBy. ., M1P«B,.,» M0PBy«MDxB,,) (77)
so for (Ag, A1) = (0,1),(1,0),(1,1) we already have
InW; > XoIn(nops, ) + A1 In(nipss, ,) (78)

and by linearity it holds for all (Mg, A1) €
Conv({(1,0),(0,1),(1,1)}). With the help of (74)

Wi > (nOPBo,t*)ko (nlp*Bl,t)kl >

> 1" Py, my e MY (79)
Summing up ovet proves
3W > néonixl Se—I(P,)\o,)\l,l) (80)

In order to get rid of the pesk¥ we concatenate the bucketing

code with itselfd — oo times. Then
3w > ngodni\ldsde—I(P,xo,,\l71),1 (81)

so takingd'th root concludes this proof. ]

VIIl. COMPUTING LOG-ATTAINABLE POINTS

Again P = i f/j)ﬂ (1 ;/Z;)/Q , d — oo. Inserting
Q = (1) 8 into (60) (or 71 = (é) into (63))

implies thatI(P, Ao, \1,1) > p2rotM—1 Hencely + Ay >
log, 2/p = I(P, Mg, A\1,1) > 0. Recalling (57), it is the long
known

(1, 1, 0, logy 2/p) € Cone(D(P)) (82)
Formula (63) for our specific matrix is
PN = 2 max [f()+ (- 2) (89)
where
J@) = [pea) + (1= p)2 -2 7% (84)
Becausef(1/2) =1
M>O - I(P,)\(),/\l,l)>0 (85)

dx?
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Differentiation gives whereConv® is the closure of the convex hull alitbnvCone®
1= )2 d2f(1/2 is the closure of the convex cone (honnegative span). In
( 0) f( / ) = (2p—1)2A0)\1—(1—)\0)(1—A1) (86) particular

4\ dx?
In particularhg + A1 > 1/p = I(P, Ao, A\1,1) > 0 S0 Cone(D(P)) = ConvCone®({(K(Q.«[|P),
(1, 1, 0, 1/p) € Cone(D(P)) (87) K (Qu || Pe), 0, K(Q.[IP-))}o)+
o _ _ +ConvCone({(1,0,0,1),(0,1,0,1), (-1, —1,0, —1),
which is essentially section Il. We have found a proof [6]ttha (0,0,1,0),4(0,0,1,-1)}) (91)
I(P,1/2p,1/2p,1) = 0 so (87) is right on the boundary. B
Another interesting log-attainable point is found by lawki where@ runs over allby x b, probability matrices.
near (A\g,\1) = (0,1): 2p — 1)*X0 + M1 > 1 = Proof: We will prove (91). By linear duality inequalities
I(P, Aoy A1, 1) >0 so A 1+A-0< 1, A0:04+ 21 <1, )\0-(—1)+/\1'(—1) < -1
2 andg- K(Q.«||Px)+ M1 Q.+ ||P.) < K(Q..||P.) (for sev-
((2p = 1)% 1, 0, 1) € Cone(D(P)) (88) eral@’s) |r(nply||/\0 7)710—1—)\1 7(711 <|| s—i—)w if (szo,ﬂzl,i—i—w) isa
This means that when, < n{%~ U* e can find matched nonnegative combination dft,0,1), (0,1,1), (—1,~1, 1),
pairs in near linear time! (0,0,1) and several K (Q..| P« ) (Q*.HP s (Q HP ).
The proof of (90) is very similar. [ ]
IX. CONCLUSION Let us take a closer look at (89). Not restricting the number

We consider the approximate nearest neighbor problem iphtermsi: does not changé. It can be rewritten as:
probabilistic setting. Using several coordinates at omables ~ -€mma A.2:
asymptotically better approximate nearest neighbor élyos p o
. . : —(p—1)K(Q.||P.
than using them one at a time. The performance is bounded by, (P Ao, A, 1) mSX (= DE@-[P.)+
and tends to, a newly defined bucketing information function

Thus bucketing coding and information theory play the same + (Q_’y)GCOn%l%X(RAO_’M)y (92)
role for the approximate nearest neighbor problem that Shan
non’s coding and information theory play for communicatiofVhere
A(Pv )\01 A1) = {(Qa AO‘K'(C?*”‘P*)—i_
Areenona FAME(QP) - KQ. P} (93)
BUCKETING INFORMATION BASICS it e
Definition A.1: SupposeP is a probability matrix. The Proof: The connection between definition A.1 and (92)
bucketing information function is for \g,\; < 1 < IS throughr; = 7; . | qi ik = ﬁ
Wy Ao + A1 bob1—1
bob1 —1 I(P, )\0,)\1,#) = Imax T |:/\0K(Ql*||P*)+
I(P,Xo, M) = max  |Ag > K(Ri.|P.)+ tri-Qsbi ;
{’”i,jkzo}ijk =0 "=
Totiene. FAMEK(Qis. | Pe)—
0<k<by
T e =1
| boby —1 (Z”QZ HP ) i || P } (94)
+A K(R; «.||Px.)—
! ; (o[ P The setA is byb; dimensional, so by Caratheodory’s theorem
boby—1 any point on the boundary of its convex hull is a convex
—(n—1)K(R,.|P.) — Z K(R;..||P.)| (89) combination ofbgb, points fromA. |
’ =0 ’ From now on when dealing with the bucketing information
o function, we will write} ", without worrying about the number
EXZEJ)“ClIﬂy T, j*r ) = Zk o Ti,jks K(RZ,*HP*) = of indices.
> im0 TigsIn % etc. Lemma A.3: For any probability matrixP the bucketing
The quantity maximized upon looks a bit like curvaturgnformation functionl (P, A, A1, 1) is nonnegative, monoton-
Insertion into definition 5.2 results in ically nondecreasing and convexig, A, —u. Special values
Lemma A.1: are

D(P) = convc({(ZK(Ri,*|p*), ZK(Ri,*.I\P*.), I(P, Mo, AL, p) =0 <=
' ‘ = VQ, K(Q.|[P.) = MK (Q.[[Px) + MK(Qx||Px.)
K(R...|P.), —K(R...|P.) +ZK LIP. )}R>+ (95)
+ConvCone® ({(1,0,0,1),(0,1,0,1),(—1,—1,07—1), T(P, 20,1 =0, 1) =0 (%6)

bo—1b1—1 ﬁ
(00,100,001, 0.01-DD  yp1 1y~ sy S ijk( ) ©7)

(90) =0 k=0 DjxPxk
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I(P,1,1,1) = In max Pik (98)
0<j<b +«Dx
o<izy, Pisbsk
bop—1by1—1
I(P1,1,00) = pix In (99)
]ZO ]CZO ’ p‘] p*k

For a diagonalP (p;; = 0 for j # k)

p—1 1anJJ "

Proof: Non-negativity foIIows by taking) = P. Mono-
tonicity and convexity hold by definition. Clearly

I(P AOa Ala (100)

bobl—l
I(P, Ao, A1, ) < max
(P, Ao, A1, 1) ) Z

i=0

K(Qiy | Pr) — K(Q

[/\OK(Qi,-*|P*)+

+A1 i [1P-) (101)

The maximized function is concave {m. jx };», and Lagrange
multipliers reveal the optimal choice
) (108)

(p]k )
Ty i
Ik (py*p*k Z
p~2) and

When — oo for anya al/(‘“l) =14+a/pu+ O
(97) follows. For a diagonaP formula (100) is similar to (97)
but simpler. [ ]

pj;;
p]*p*k

APPENDIXB
BUCKETING INFORMATION OF A TENSORPRODUCT

In this section we prove theorem 4.2:

I(P1 x Py, Ao, A1, ) = I(Py, Xoy Aty ) + I( P, Ao, At, )
(109)
Proof: InsertingR = R; x Ry into definition A.1 proves
thatI(Pl XPQ,/\(),)\l, ) > I(Pl,)\o,/\1,,LL)+I(P2,)\0,)\1,,LL).
Denotel; = I(Pl,Ao,Al, ) I, = I(PQ,)\O,A:[,‘LL) and P =

so direction< of (95) is true. On the other hand assume thce};1 % Py:

for some@

K(Q.|IP.) < MK(Q+||Ps) + ME(Q.||P.)  (102)

Insertingro jx = €qjk, T,k = Pjk — €q;r iNtO definition A.1

gives

I(P, Xos A1, p) > 6[)\0K(Q.*|P*)+

HJ@AR%K@Mw+

+(1 =€) K (PL|IPL) + MK (Po|P.) = K (P.|P.)|

(103)

whereP = (P =P+¢P-Q)/(1—¢). The

—€Q)/(1—¢)

Kullback-Leibler divergence betwedhand P is second order

Pjikijake (110)
For any {7 j, joky ks Yi.jijoks ko

(1= DE (R [Po) + 3 K (B[P =

= P1,j1k1P2,j2ks

T g1 ky %
- (,LL - 1) E T, g1 by In L"‘
ik P1,jiky

+ § lelkl**
i,51k1

Tx,j1k1j2ks
+( - 1 E T's,j1k1 j2 ks In +
Tx,j1k1 %% D2, 52 ko

T4, 31 k1 xx
+
Ti sxxx D1, 51k

Jikijzke

+ E Ti g1k jaks 110

i,j1k1j2k2

Ti,j1k1jaks
Tij1k1#xP2,j52ko

(111)

in ¢, and the same holds for their marginal vectors. Hence By definition of I; and I,

a smalle > 0 the bucketing informationl (P, \p, A1, 1) is
positive, and the proof of (95) is done.
Lemma 7.1 implies

K(Ri «|Ps), K(R; .|| P..) <

so (96) follows from (95).
Now will prove (97). We want to maximize

> K (Ri s P) + K(Riw|P.) = K(R; || P.)] =

i
TixxTi 4k
= g T jk 1D —g 744k In ———— LEr IR

T T
ik i,7% i, xk

(105)

The rightmost sum is nonnegative, and for afty jx } i it
can be mad® by choosing

K(R;.|P.)  (108)

p]*p*k

S T, jk iZj—l—bok
Tigk = { 0 otherwise (106)
Hence we want to maximize

Zr* i In ~2IRL (pjx)" (107)

W)Y Tk In T
ik

pg*p*k

T4 Kk
I + (,LL — 1) ZT*_’jlkl** In &—F

jik1 pla]lkl
+§ Ti,j1kyes 11
i,J1k1

T’L,jl***
> X E T4y swwx IN ————
Ti wxxx D1, 51 %

Ti,51k1%x >

Ti sxxx D1, 51k

4,71

+X Z T kg x 111

i,k1

T,k %% (112)

Ti sk P1,xky
and

T'x,j1k1jake
T*,jlkl**IQ + ( - 1 E T'x,j1k1j2ks In +
Ts,j1k1 %P2, 5o ko

Jaka
Ti,j1k1jaks
+ E T jr kajoks 102 . : ] 2
i jako i,51,k1%xD2,52 ks

Ti,' k1jox*
> N0 ) Tijukgow In — LT
Ti,51 k1 xxD2,jox

,J2
T, j1k1xks
+X\1 g Ti g1 by ko 1N ——————
i T'i,j1 k1 %xP2,xky
(113)
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Lemma 7.1 implies

T's,j1k1jaks
I + (:u‘ - 1) § T, j1kajoks 111 - ] +
1k joks *,j1k1%xP2,jaka
Ti,j1k1jaks
+ E Tigukaahy I =2 22— >
i,51k172k2 i,51,k1+x P2, joko
Ti,j1 %ja%
> o E Ti j1kjax 1N - S —+
i,j1J2 injrxesP2, 2
Ti,xkyxk
MY Py opy In Lt (1)
ik ks T, %, k1 %% D2, xko
Together
Il+12+(u—1)K(R*,...HP. )+ E K(R ||P

> X0 Y K(Ri e Poas) +A12K Rivn||Pev)

(115)
| |

APPENDIXC
PROOF OFTHEOREMb5.1

In light of theorem 4.2 it is enough to prove (42) o= 1:
InW > Xglnng+ A Inng + pln S — I(P, A\g, A1, 1) (116)

Proof: Let (By, Bi,g),- -
pairs. Denote

1(BO7T—17Bl7T_1) be subset

1—1
Bi = BO,i X Bl,i \ U BO,t X Bl,t (117)
t=0
so the success probability =", pg, . Insert
Pi o (j,k) € B;
R s b i
Tigk = { 0 otherwise (118)
into definition A.1. Lemma 7.1 implies
Tz, *
K(Ril|Pa) = ) rigeln—2 =
]GBO B 1, **pj*
FT e Z Tioge )y o > =1 Inpp, « (119)
. Ti,** Ti,**pj* ’
JEDBo,i
Similarly
K(Rz,*HP*) 2 =T kx lnp*Bl,i (120)
Thus
> MK (Ri 4l|Py) + MK (R | P.)] >
> = Tiwe (NoInpp, .« + A1 Inpas, ) (121)

Recall that the work satisfiedV > W, = >, W; where
W; = max (nopBU,i*1 N1P«B1,;» nopBO,i*nlp*Bl,i) (122)
so for (A\g, A1) = (0,1),(1,0),(1,1)

In W; > Ao In(nopp, ,«) + A1 In(nip«s, ;) (123)

10

and by linearity it holds for all (M, 1) €
Conv({(1,0),(0,1),(1,1)}). Hence
InW; > Ao In(nops, ;+) + A1 In(nip.s, ;) (124)
and thus
— (/\0 Inpg,,« + A1 1np*31’1.) >Xlnng+ A lnng —InW;
(125)
Clearly
K(R,.|P.)=-InS (126)
ZK P == rieIn(ri e S) =
ijk
—InS — ZTM* In 7 . (227)

i

Now definition A.1,(121),(125),(126) and (127) come togeth
I(P, 2o, Aty ) > Xo Y K (Ri || Pa)+
+M Y K(Riw||P) — (n—1)E(R

_ Z K(R

> ZTi7** (/\0 Inng +Alnny —In Wz)

%

P~

i |1P.)

+ulnS + Z Tior IN TG gp =
= olnng + Arlnny +plnS+ > w2 (128)
Another call of duty for lemma 7.1 produces
Z Tisx —InW, (129)

Insertion into (128) results in

In3W >InW, > Aglnng+A lnni+puln S—I(P, Ao, A1, 1)
(130)

In order to get rid of the pesk¥ we concatenate the bucketing

code with itselfd — oo times. Then

In3W<e > XoInnd + A\ Inn{ + pln ST — I(P, X, A1, p)d
(131)

and division byd concludes this proof. [ ]

APPENDIXD
PROOF OFTHEOREMb5.2

Definition D.1: For any probability matrixP let the set
E(P) be
E(P) =

[Uv>1E,(P)]° (132)

E,(P)= Conv{l(lnno,lnnl,—lng,anV)} (133)
v

where ng,n; > 0 are arbitrary and) < S < S, W > W. By
S, W we denote the success probability and work of same
dimensional bucketing code fdr;, = P.

In the previous appendix we have shown thatP) C
D(P) D(P) + Cone((0,0,1,—1)). Theorem D.3 will
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prove a strong version of the conver&P) D D(P) + we get(138). The case of= 1 is trivial so letv > 2. Estimate
Cone((0,0,1,—1)). It is the heart of this appendix, the res{139) follows from the well known multinomial inequality

are technicalities. . oI-1
When a bucketing code contains only one bucket pair, we A AL H (ﬁ)w <1 (140)
do not have to worry about the bucketing work because it is - Hf;ol vl io VY N
bound_ed from above bynax(ng,n1). Hence it makes Sense, 1 the easy bound
to define
_ Definition D.2: For any probability matrixP let the sets [xlnz —ylny| < —|z —y|ln|z — y| (141)
E(P), E,(P) be defined by (132),(133) but with = pp, 5,, .
: . valid for all any0 < z,y <1, |z —y| < 1/2. [ |
W = nonipp,«p«p, for some single bucket paiff( = 1) ) N I X
bucketing code. Theorem D.3: For any probability matrixP? andv > 1
Definition D.3: For any probability matrixP D(P) + boblp(P) + lnl/(07 0.2,3) C
. v
p(P) = —In min pjy @34 B [(E.(P) 0 B,(P)) + Cone((0,0,1,-1))
0<k<by
Pji>0 (142)

The following result shows that the convex hull in (133) is fo Proof: The single big bags pair code

convenience only.
Lemma D.1: For any vectokmyg, m1,s,w) € E,(P) there Bo=A0,1,...bo =1} Br={0,1,....b1 =1} = (143)

exists av? dimensional bucketing code with vector shows that

(mo, m1, s, (14 8p(P)/v)w) (135)  ConvCone({(1,0,0,1),(0,1,0,1),(—=1,-1,0,—1),

There also exits &> dimensional bucketing code with vector ,(0,0,1,0),(0,0,0,1)}) ¢ E1(P) N E1(P) (144)

Let {7 jx }ijx Satisfyr; jx > 0, r. .. = 1. We will prove that

(m07m178+4p(P)/V3 U)) (136)
Similar statements hold fak, (P). (ZK(RZ-,.*||P*), > K(R;.|P.),
Proof: Let (mg, m1,s,w) € E,(P). By Caratheodory’s i i

theorem

5 D K(Ri.||P.), 0]+

(mo,my, s, w) = Zai(mi,mmi,lvsiawi) (137) p(P) +1nv .
i=1 +boby ———(0,0,2,2) € E,(P)NE,(P) (145)
1%

where o > 0, Z?:l o = 1 and (miﬂo,miyl,si,wi) is and

the vector of arv dimensional bucketing code. Without re-
stricting generality we can exclude codes with more tha”(ZK(Ri -*HP*)7ZK(R1'*-||P*~),K(R* P,
eumaX(mo,mlﬂno-l‘ml) WOI‘k, hEnce’lUi < w-+ 2p(P) Let us B ’ i ’ .’
concatenate, copies of the first code witky, copies of the
second code etc, whefg,,_, v = v andy; > |a;v]. The ,—K(R..|P.)+ ZK(RL..||P.)>+
extra Zle (v — |ayv]) < 4 copies go to the lowest; i
code, s0- - In S < s and L In W < w + 20y, Thus we bob p(P) +Inv
attained (135). oo v

In order to get (136) we exclude codes with zero successrmulas (144),(146) together with lemma A.1 prove
probability, hences;, > p(P), and give the extra weight to the oy
lowestw; code. B D(P)+ 3bpby—(0,0,1,1) C E,(P) + Cone((0,0,1,—1))

We will use the following multinomial estimate. v (147)

Lemma D.2: For any probability distribution{r; > Formula (142) is proven as follows. For any
O}o<i<r, r» = 1 and and an integer > 1 there exist (mg,m,s,w) € FE(P) + Cone((0,0,1,—1)) let a be
nonnegative integerfy; > 0}o<;<; such that, = v and the minimala > 0 such that(mg, m1,s — a,w +a) € E(P).
Whena = 0 we are done. Otherwisgng, m1,s — a, w + «)

riv—L<wi<riv+l (138) is in the closure of the convex hull of the

Moreover these inequalities imply (ZiK(Ri7.*|‘P*), 22 K(Riw||Pe)y 32 K (Ri.||P.), 0)
points, so we get (142).

It remains to prove (145),(146). Lemma D.2 provides us

(0,0,2,3) € E,(P) (146)

v I-1
y1—21 < ** H,r.:.‘i,u < I/I

= Hf;ol vl 11 (139) with nonnegative{v; ;i }i ;. Let us define a bucket pair
Cit1
Proof: Let v; = |r;v| + ¢; wheree; = 0,1 in general, Boo =< z0 | Vij Z (o4 ==1J) = Vij« (148)
e; = 0 whenr;v is integral ande, = >, (r;v — |r;v]). Thus I—et1 '
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Cit1
Boy = {Il Vik i (w1 == k) = Vi,*k} (149) where@?_ D(P;) = D(Py)+---+ D(Py) etc., andb(1) — 0
asv — o0.
Proof: Let (mg, m1, s,w) € @, D(P;). We know that
wherec; = Zl o Vi«« IN words we want, to contain exactly there existoe > 0, (m,0,m4.1, i, w;) € E,(P;) such that
vy« j-values in its firstyy .. coordinates, etc. The bucket

l=c;+1

probabilities are (mo,m1, s — a,w + a) +(0,0,0(1),0(1)) =
vy, ! Viix = (mi,()ami,lvsiawi) (162)
S el >
i, 5%

i

Let o; > 0 be the maximal values such th@at; o, m; 1, s; +
a;,w; — ;) € E,(P;). Theorem D.3 implies that

peses =[] H: l;j*k, pr (151)

i (M40, M1, 8i + iy w; —a;) +(0,0,0(1),0(1)) €
Let us addl’ — 1 similar buckets. They are generated by ran- € Enu(P)NE,(P) (163)
domly permuting the coordinates?,...,v. A lower bound
of the average success probability of this random bucketibgnotes = —a + Zle ;. Wheng <0
rode e ( )+ (0.0.0(1).0(1))
mo, mi, s, w) + (0,0,0(1),0(1)) =
ES|>U[1-(1-V/U)"] >Ue TV (152) p
where | = _6(070117_1)+Z(mi,01mi,118i+aiawi —Oéi)
V! v =1
U=—=——"—||p;"* (153)
[Ljg veant 50" (164)

is the probability that a matched pair obtains coordinaie p&0 (10, m1,s,w) + (0,0,0(1),0(1)) € &L E,(P) +

(j, k) exactlyv, ;. times, and Cone((0,0,1,—1). Whenf > 0
Ui (mo,ml,S,’lU) + (01070(1)10(1)) =
V= i, ** Vi jk 154
H o Hp (154)

~[ B
:Z a—_’_ﬁ(mi,ovmi,lvsi,wi)‘i‘
is the probability that a matched pair obtains coordinate pa =t
(4, k) exactly v, ;r times in coordinate subset numberOf

/ —— (M0, M1, 8 + QWi — oy 165
course there exists a deterministic code at least as sigcess a—+ 6(m 0 1Ma1, 81 F Qi wi = i) (165)
as the average code.

Lemma D.2 implies s0 (mg,m1, s, w) + (0,0,0(1),0(1)) € G, B, (P). u

1 o(P) Definition D.4: For any probability matrixP let H(P) be
—c< —;lnpgoyo* - ZK(Ri,-*”P*) <2c-— — (155) the half space
(P) H(P) = {(mg,m1,s,w) | w>mg+mi —w(P)} (166)
o= __hlp*B" ! ZK ive 1) o 159 cmma ps:

e U kR <20 PPV sy [EV(P) + Cone((0,0,1,—1))| N H(P) c E,(P) (167)

1 o(P) Proof: Let (mg, m1, s, w) be in the left side set. For some
—c<—InV - E K(R;.|P.)<2c——— (158) a >0
v - 1%

(mo,m1,s — a,w + a) € E,(P) (168)
wherec = boby 2EHLY ) et Denote
Inng =Y K(R;..|P.) (159) B=w—mo—mi+wP)>0 (169)
@ Clearlypg, B, < pp]%pBo*P*Bl S0—s5 <In p'p]%—i_w_
Inn, = ZK(Rz'.,*-||P*-) (160) mg —my which can bé written as e
In order to establish (145) we choo§e = 1. In order to ftstpim 20 (170)
establish (146) we choose = [U/V]. B The single bucket pair codBy = {(j1)}, B1 = {(k1)} shows

Lemma D.4: that

d ) d .
®i=1D(F) +(0,0,0(1),0(1)) € @iy By (F)U (mo, m1, —Inpj ik, mo + M1 + Inpjypek, ) =

@ E,(P;) + Cone((0,0,1,-1))|  (161) = (mo,m1,—Inpjp,w—B) € E1(P)  (171)
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Hence

(mg,ml,s,w): (mo,ml,s—a,w—i—a)—i—

a+p

+m(m07 my, — 1npj1k1 , W — 5)"’
(6] ~
+m(0,0,6+ s+1Inpjk,,0) € E,(P) (172)
| ]
Lemma D.6:
@l E,(P;) + Cone((0,0,1,-1))| N
Nnal | HP) c @l E,(P) (173)

Proof: Let (mg, m1, s, w) belong to left side set. There

exista > 0, (mm, m; 1, si,wi) € EU(Pl) such that

d
(mo,m1,8 — q,w+a) = Z(mi,o,mi,lvsiawi) (174)
i=1
d
w>mo+mi— Y w(P) (175)
i=1

Let a; > 0 be the maximal value such thét; o, m; 1, si +
a;,w; — ;) € E,(P;). Lemma D.5 implies thatv; — «; <
ms0 +mi1 —w(P;) which is rearranged as

a; > wi —mio —mi1 + w(P;) (176)

and summed up to give

d d
8= —a—l—Zai Zw—mo—ml—i—Zw(Pi) >0 (177)
i=1 i=1

Hence
(m07m1,8,w)=Z 0 (M4,0, M1, 85, W;)+
i=1 atpf 7
+ M4,0, M1, S + O, Wi — Q5 178
oz+6( 0,141 )| (178)
| |

Lemmas D.4 and D.6 combine into
Theorem D.7:

< o, D(P)N eagiﬁ(g—)) +(0,0,0(1),0(1)) C
c el B, (P)Usl B, (P) (179)

Proof of theorem 5.2

Proof: Let v > 1 be a “large enough” integer (to be

determined). We are givefing, m1,s,w) € ©L,D(P) N

13

When the P;’s are not equal, we replace them with ap-
proximations taken from a prearranged constant set of ma-
trices. Foré > 00 < j < b let P(§) be defined by
pik(6) = ce~[~(nPir)/919 where the normalizing enforces
p«(6) = 1. The work and success are changed by at most
e 0 < W(8)/W,S(6)/S < e In particular (mg,m1, s +
28d,w + 25d) € @, D(P;(6)) N &L, H(P;(5)). Requiring
pigk = 00rp g >eforall <i<d 0< 5 <
by, 0 < k < by bounds the number of possible(s) by
(—(In€)/5+1)%"1. For eachP(§) construct a bucketing code.
Then replaceP; (6), ..., P4(6) by P1,..., P4, decreasing suc-
cess and increasing work again by a factor. Taking small
enoughs completes this proof. ]
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First consider the homogeneol’s = P case. Lemma D.1
implies the existence of & dimensional bucketing code with
vector (mg, m1, s + o(1), w). The |d/v?|'th tensor power of
that code attains all theorem 5.2’s claims. Thet+ n;, vector
pointers are the depth first search pointers, as discussed in
section II.



