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Bucketing Coding and Information Theory
for the Statistical High Dimensional

Nearest Neighbor Problem
Moshe Dubiner

Abstract—The problem of finding high dimensional approxi-
mate nearest neighbors is considered, when the data is generated
by some known probabilistic model. A large natural class of
algorithms (bucketing codes) is investigated, Bucketing infor-
mation is defined, and is proven to bound the performance
of all bucketing codes. The bucketing information bound is
asymptotically attained by some randomly constructed bucketing
codes.

The example ofn Bernoulli(1/2) very long (length d → ∞) se-
quences of bits is singled out. It is assumed thatn−2m sequences
are completely independent, while the remaining2m sequences
are composed ofm dependent pairs. The interdependence within
each pair is that their bits agree with probability 1/2 < p ≤ 1.
It is well known how to find most pairs with high probability
by performing order of nlog2 2/p comparisons. It is shown that
order of n1/p+ǫ comparisons suffice, for anyǫ > 0. A specific two
dimensional inequality (proven in another paper) implies that the
exponent1/p cannot be lowered. Moreover if one sequence out of
each pair belongs to a known set ofn(2p−1)2 sequences, pairing
can be done using ordern1+ǫ comparisons!

Index Terms—Approximate nearest neighbor, Information the-
ory

I. I NTRODUCTION

SUppose we have two bags of points,X0 andX1, randomly
distributed in a high-dimensional space. The points are

independent of each other, with the exception that some un-
known matched pairs fromX0×X1 are significantly “closer”
to each other than random chance would account for. We
want an efficient algorithm for quickly finding these pairs.
We worked on finding texts that are translations of each other,
which is a two bags problem (the bags are languages). In most
cases there is only one bagX0 = X1 = X , n0 = n1 = n.
The two bags model is slightly more complicated, but leads
to clearer thinking. It is a bit reminiscent of fast matrix
multiplication: even when one is interested only in square
matrices, it pays to consider rectangular matrices too.

Let us start with the well known simple uniform marginally
Bernoulli(1/2) example. SupposeX0, X1 ⊂ {0, 1}d of sizes
n0, n1 respectively are randomly chosen as independent
Bernoulli(1/2) variables, with one exception. Choose uni-
formly randomly one pointx0 ∈ X0, xor it with a random
Bernoulli(1 − p) vector and overwrite one uniformly chosen
random pointx1 ∈ X1. A symmetric description is to say that
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x0, x1 i’th bits have the joint probability matrix

Pi =

(

p/2 (1 − p)/2
(1 − p)/2 p/2

)

(1)

for some known1/2 < p ≤ 1. In practicep will have to be
estimated. What does information theory say? For simplicity
let us consider a single matched pair. It is distinguished by
having a smaller than expected Hamming distance. Define

lnW = lnn0 + lnn1 −
d
∑

i=0

I(Pi) (2)

whereI(Pi) is the mutual information between the matched
pair’s i’th coordinate values (p ln(2p)+(1−p) ln(2(1−p)) for
the example). Information theory tells us that we can not hope
to pin the matched pair down into less thanW possibilities, but
can come close to it in some asymptotic sense. Assume that
W is small. How can we find the matched pairs? The trivial
way to do it is to compare all then0n1 pairs. Many papers
have shown how to do this in not much more thanO(n0 +n1)
operations, when the dimensiond is fixed. HoweverW small
implies thatd is at least of orderln(n0 + n1). There is some
literature dealing with the high dimensional nearest neighbor
problem. The earliest references I am aware of are Manber
[10], Paturi, Rajasekaran and Reif [12], Karp,Waarts and
Zweig [9], Broder [3], Indyk and Motwani [8]. They do not
limit themselves to our simplistic example, but can handle it.
Without restricting generality letn0 ≤ n1. Randomly choose

m ≈ log2 n0 (3)

out of thed coordinates, and compare the point pairs which
agree on these coordinates (in other words, fall into the same
bucket). The expected number of comparisons is at most

n0n12
−m ≈ n1 (4)

while the probability of success of one comparison ispm. In
case of failure try again, with other randomm coordinates. At
first glance it might seem that the expected number of tries
until success isp−m, but that is not true because the attempts
are interdependent. An extreme example isd = m, where
the attempts are identical. In the unlimited data cased → ∞
the expected number of tries is indeedp−m, so the expected
number of comparisons is

W ≈ p−mn1 ≈ n
log2 1/p
0 n1 (5)

Is this optimal? It seems that when the dimensiond is large one
should be able to profit by cherry picking some “good” parts of
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the data. For instance, divide the coordinates into triplets and
replace each triplet by its majority. This particular scheme does
not work (it effectively replacesp with the lowerp3 +3p(1−
p)2). Other simple attempts fail too. Alon [1] has suggested
the possibility of improvement forp = 1 − o(1) by using
Hamming’s perfect code.

In this article, we prove that in then0 = n1 = n case,
W ≈ nlog2 2/p can be reduced to

W ≈ n1/p+ǫ (6)

for any 1/2 < p < 1, ǫ > 0. The algorithm is described in
the next section. Amazingly it is possible to characterize the
asymptotically best exponent not only for this problem, but
for a much larger class. We allow non binary discrete data,
a limited amount of data (d < ∞) and a general probability
distribution of each coordinate. It turn out that

lnW ≥ sup
λ0,λ1≤1≤µ,λ0+λ1

[

λ0 lnn0 + λ1 lnn1 + µ lnS−

−
d
∑

i=1

I(Pi, λ0, λ1, µ)

]

(7)

where W is the work, S is the success probability and
I(Pi, λ0, λ1, µ) is a newly definedbucketing information

function, generalizing Shanon’s mutual informationI(P ) =
I(Pi, 1, 1,∞). We prove that the inequality is asymptotically
tight, see section V. Full general proofs are given in the
appendices. The rest of this paper contains instructive less
general proofs and examples.

II. A N ASYMPTOTICALLY BETTER ALGORITHM

The following algorithm works for the uniform marginally
Bernoulli(1/2) problem (1) with1/2 < p < 1. Let 0 < d0 ≤ d
be some natural numbers. We construct ad dimensional bucket
in the following way. Choose a random pointb ∈ {0, 1}d.
The bucket contains all pointsx ∈ {0, 1}d such for exactly
d0 − 1 or d0 coordinatesi, we havexi = bi. (It is even better
to allow d0 − 1, . . . , d, but the analysis gets a little messy.)
The algorithm usesT such buckets, independently chosen.
All point pairs falling into the same bucket are compared. A
true matching pair is considered successfully found iff it gets
compared. The probability of a pointx falling into a bucket
is

pA∗ =

(

d
d0 − 1

)

2−d +

(

d
d0

)

2−d (8)

Let the number of points be

n0 = n1 = n = ⌊1/pA∗⌋ (9)

This way the expected number of comparisons (point pairs in
the same bucket) is at most

T (npA∗)
2 ≤ T (10)

The probability that a matched pair falls at least once into the
same bucket is

S =

d
∑

m=0

(

d
m

)

pd−m(1 − p)m
[

1 − (1 − Sm)
T
]

(11)

Sm = 2−d

(

m
⌊m/2⌋

)

·

·
[(

d − m
d0 − ⌈m/2⌉

)

+

(

d − m
d0 − ⌈(m + 1)/2⌉

)]

(12)

The explanation follows. In these formulasm is the number
of coordinatesi at which the matched pair’s values disagree:
x0,i 6= x1,i. Consider the matched pair fixed. There are2d

possible buckets, independently chosen. Consider one bucket.
For j, k = 0, 1 denote bymjk the number of coordinatesi
such thatx0,i ⊕ bi = j andx0,i ⊕x1,i = k where⊕ is the xor
operation. We know thatm01+m11 = m andm00+m10 = d−
m. Both x0, x1 fall into the basket iffm00 +m01 = d0−1, d0

andm00 + m11 = d0 − 1, d0. There are two possibilities
(

m00 m01

m10 m11

)

=

(

d0 − ⌈m/2⌉ ⌊m/2⌋
d − d0 − ⌊m/2⌋ ⌈m/2⌉

)

(13)

(

m00 m01

m10 m11

)

=

(

d0 − ⌈(m + 1)/2⌉ ⌈m/2⌉
d − d0 − ⌊(m − 1)/2⌋ ⌊m/2⌋

)

(14)

each providing

(

m00 + m10

m00

)(

m01 + m11

m01

)

buckets.

Clearly m obeys a Binomial(m, 1 − p) distribution, so by
Chebyshev’s inequality and(1 − Sm)T ≤ e−TSm , for any
δ > 0

S ≥ min
|m−(1−p)d|<

√
p(1−p)d/δ

(

1 − e−TSm − δ
)

(15)

Hence taking

T = ⌈− ln δ/ min
|m−(1−p)d|<

√
p(1−p)d/δ

Sm⌉ (16)

guaranties a success probabilityS ≥ 1 − 2δ. What is the
relationship betweenn andT? Let

d0 ∼ (1 + δ)d/2, d → ∞ (17)

By Stirling’s approximation

lim
d→∞

lnn

d
= ln 2 − H

(

1 + δ

2

)

=

=
1 + δ

2
ln(1 + δ) +

1 − δ

2
ln(1 − δ) (18)

and

lim
d→∞

lnT

d
= p ln 2 − pH

(

1 + δ/p

2

)

=

=
p + δ

2
ln(1 + δ/p) +

p − δ

2
ln(1 − δ/p) (19)

Letting δ → 0 results in exponent

lim
δ→0

lim
d→∞

lnT

lnn
=

1

p
(20)

We are not yet finished with this algorithm, because the
number of comparisons is not the only component of work.
One also has to throw the points into the buckets. The
straightforward way of doing it is to check the point-bucket
pairs. This involves2nT checks, which is worse than the naive
n2 algorithm! This is overcome as follows. Suppose we want
to handleñ points havingd̃ coordinates. Letn = ⌈ñ1/k⌉ and
d = ⌊d̃/k⌋ for somek ≥ 1, and take thek’th tensor power
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of the previous algorithm. That means throwingnk points in
{0, 1}kd into T k buckets. The success probability isSk, the
expected number of comparisons is at mostT k, but throwing
the points into the buckets takes only an expected number
of 2nkT vector operations (of lengthkd). Hence the total
expected number of vector operations is at most

T k + 2nkT (21)

The bucketing is done by depth first search over the regular
T branching tree of depthk. Vertex (t1, t2, . . . , tj) at depth
j points to those originalnk points which fell into bucket
0 ≤ t1 < T by their firstd coordinates etc. Hence

k + knk (22)

pointers suffice to represent the path from the root to the
current vertex and its content. Taking

k = ⌈1/(1 − p)⌉ (23)

lets us approach the promised (6) exponent1/p.

III. T HE PROBABILISTIC APPROXIMATE NEAREST

NEIGHBOR PROBLEM

How should the approximate nearest neighbor problem be
modeled? We follow in the footsteps of noisy channel theory.

Definition 3.1: Let the sets

X0 ⊂ {0, 1, . . . , b0 − 1}d, X1 ⊂ {0, 1, . . . , b1 − 1}d (24)

of cardinalities #X0 = n0, #X1 = n1 be randomly
constructed using probability matrices

Pi =











pi,00 pi,01 . . . pi,0 b1−1

pi,10 pi,11 . . . pi,0 b1−1

...
...

. . .
...

pi,b0−1 0 pi,b0−1 1 . . . pi,b0−1 b1−1











(25)

pi,jk ≥ 0, pi,∗∗ =

b0−1
∑

j=0

b1−1
∑

k=0

pi,jk = 1 (26)

The n0n1 vector pairs are divided into 3 (possibly empty)
classes: matched, random and monochromatic. For a matched
pair x ∈ X0, y ∈ X1 the probability thatxi = j andyi = k
is pi,jk and there is independence between coordinates. For
any setB ⊂ {0, . . . , b0 − 1}d × {0, . . . , b1 − 1}d

pB =
∑

(x,y)∈B

d
∏

i=1

pi,xiyi
(27)

For a random pairx ∈ X0, y ∈ X1 the probability thatxi = j
andyi = k is pi,j∗pi,∗k where the marginal probabilities are

pi,j∗ =

b1−1
∑

k=0

pi,jk pi,∗k =

b0−1
∑

j=0

pi,jk (28)

and there is independence between coordinates. For anyB0 ⊂
X0, B1 ⊂ X1

pB0∗ =
∑

x∈B0

d
∏

i=1

pxi∗ p∗B1 =
∑

y∈B1

d
∏

i=1

p∗yi
(29)

Without restricting generality we requirepi,j∗pi,∗k > 0 (oth-
erwise remove the zero rows and columns). Monochromatic
pairs are allowed only whenpi,j∗ = pi,∗j , for the tech-
nical purpose of duplicating a monochromatic set of points
X0 = X1 = X . The probability thatxi = yi = j is pi,j∗,
with independence between coordinates.

How much work is necessary in order to find most matched
pairs? For general algorithms, this seems an extremely hard
question. All known algorithms rely on collecting putative
point pairs in buckets of some sort, so we will limit ourselves
to these algorithms. But what are bucketing algorithms? One
could choose aX0 point and aX1 point in some complicated
data dependent way, then throw them into a single bucket. It
is unlikely to work, but can you prove it? In order to disallow
such knavery we will insist on data independent buckets.
Most practical bucketing algorithms are data dependent. That
is necessary because the data is used to construct (usually
implicitly) a data model. We suspect that when the data model
is known, there is little to be gained by making the buckets data
dependent, but would welcome and greatly appreciate even a
single contrary example.

Definition 3.2: A bucketing code is a set ofT subset pairs

(B0,0, B1,0), . . . , (B0,T−1, B1,T−1) ⊂ X0 × X1 (30)

Its success probability is

S = p∪T−1
t=0 B0,t×B1,t

(31)

and for any real numbersn0, n1 > 0 its work is

W = max

(

T−1
∑

t=0

n0pB0,t∗ ,

T−1
∑

t=0

n1p∗B1,t
,

,

T−1
∑

t=0

n0pB0,t∗n1p∗B1,t

)

(32)

ClearlyS is the probability that a matched pair falls together
into at least one bucket. Work has to be explained. In the
above definition we considern0, n1 to be the expected number
of X0, X1 points, so they are not necessarily integers. The
simplest implementation of a bucketing code is to store it as
two arrays of lists, indexed by the possible vectors. The first
array of sizebd

0 keeps for each pointx ∈ {0, 1, . . . , b0 − 1}d

the list of buckets (from0 to T − 1) which contain it.
The second array of sizebd

1 does the same for theB1,t’s.
When we are givenX0 and X1 we look each element up,
and accumulate pointers to it in linked lists, each originating
from a bucket. Then we compare the pairs in each of the
T buckets. Let us count the expected number of operations.
The expected number of buckets containing any specificX0

point is
∑T−1

t=0 pB0,t∗, so theX0 lookups involve an order of
n0 +

∑T−1
t=0 pB0,t∗ operations. Similarly theX1 lookups take

n1 +
∑T−1

t=0 p∗B1,t
The probability that a specific random pair

falls into buckett is pB0,t∗p∗B1,t
, so the expected number

of comparisons isn0pB0,t∗n1p∗B1,t
It all adds up to at most

n0 + n1 + 3W .
The behavior of ofS and W under tensor product is

important. Suppose we have two bucketing codes defined on
different coordinates. Concatenating the codes gives success
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probability of exactly S1S2 (success probability is multi-
plicative), while the work if bounded from above byW1W2

(work is sub-multiplicative). There is no value in having
W < max(n0, n1) by itself, but it is advantageous to allow it
in a tensor product factor. For that reason formula (32) does
not includen0 andn1 inside the maximization brackets.

The fly in the ointment is that for even moderate dimension
d the memory requirement is out of the universe. Hence the
code in memory approach can be used only for smalld. This
is familiar from the theory of block coding. Higher dimensions
can be handled by splitting them up into short blocks (as in the
previous section), or by more sophisticated coding algorithms.
In any caseW is a lower bound on the actual work of a
bucketing algorithm.

IV. BUCKETING INFORMATION

We will show in the next section that the performance of
bucketing codes is governed by thebucketing information
function I(P, λ0, λ1, µ), defined for

0 ≤ λ0, λ1 ≤ 1 ≤ µ, λ0 + λ1 (33)

We have an embarrassment of riches: three different bucketing
information formulas (not counting in-between variations),
none of them intuitive. The shortest is still pretty long

I(P, λ0, λ1, µ) = min
{zjk≥0}jk

0≤j<b0
0≤k<b1
z∗∗=1

max
{x0,j≥0}j

0≤j<b0
x0,∗=1

max
{x1,k≥0}k

0≤k<b1
x1,∗=1

ln

b0−1
∑

j=0

b1−1
∑

k=0

pjk

(

pjk

zjk

)µ−1(
x0,j

pj∗

)λ0
(

x1,k

p∗k

)λ1

(34)

Defining ab0 × b1 matrix M(P, Z, λ0, λ1, µ) by

mjk = pjk

(

pjk

zjk

)µ−1

(pj∗)
−λ0(p∗k)−λ1 (35)

and denoting by‖ ‖α,β the operator norm fromLα to Lβ,
formula (34) can be written as

I(P, λ0, λ1, µ) = min
Z

ln ‖M(P, Z, λ0, λ1, µ)‖ 1
λ0

, 1
1−λ1

(36)

whereZ goes over all probability matrices. In order to see
some connection with classical information theory let us
considerλ0 = λ1 = 1. The x maximization is easy, shifting
all weight to a single cell:

I(P, 1, 1, µ) = ln min
{zjk≥0}jk

0≤j<b0
0≤k<b1
z∗∗=1

max
0≤j<b0
0≤k<b1

pjk

pj∗p∗k

(

pjk

zjk

)µ−1

(37)

Hence pjk

pj∗p∗k

(

pjk

zjk

)µ−1

≤ eI(P,1,1,µ) so zjk ≥

pjk

(

pjk

pj∗p∗k
e−I(P,1,1,µ)

)
1

µ−1

which together withz∗∗ = 1

gives 1 ≥ ∑

jk pjk

(

pjk

pj∗p∗k

)
1

µ−1

e−
I(P,1,1,µ)

µ−1 . Equality is
clearly achievable so

I(P, 1, 1, µ) = (µ − 1) ln

b0−1
∑

j=0

b1−1
∑

k=0

pjk

(

pjk

pj∗p∗k

)
1

µ−1

(38)

In particular for µ → ∞ we have
(

pjk

pj∗p∗k

)
1

µ−1

= 1 +

1
µ−1 ln

(

pjk

pj∗p∗k

)

+ O
(

(µ − 1)−2
)

so

I(P, 1, 1,∞) = I(P ) =

b0−1
∑

j=0

b1−1
∑

k=0

pjk ln
pjk

pj∗p∗k
(39)

whereI(P ) is Shannon’s mutual information.
Formula (34) does not make it clear thatI(P, λ0, λ1, µ) is

nonnegative, far less its other basic properties. We will prove
in appendix A that

Theorem 4.1: For any probability matrixP the bucketing
information functionI(P, λ0, λ1, µ) is nonnegative, monoton-
ically nondecreasing and convex inλ0, λ1,−µ. Moreover

I(P, λ0, λ1, µ) = 0 ⇐⇒ I(P, λ0, λ1, 1) = 0 (40)

We will prove in appendix B that
Theorem 4.2: For any probability matricesP1, P2 and their

tensor productP1 × P2

I(P1 × P2, λ0, λ1, µ) = I(P1, λ0, λ1, µ) + I(P2, λ0, λ1, µ)
(41)

Because (34) if opaque, we will use the longer but easier
to manipulate definition A.1. Their equivalence will be proven
for µ = 1 in section VII. The general equivalence is not used
in this paper, so is relegated to [6].

V. M AIN RESULTS

Our key lower bound is
Theorem 5.1: For anyd dimensional bucketing code han-

dling data with probability matricesP1, . . . , Pd, set sizes
n0, n1, success probabilityS and workW

lnW ≥ sup
0≤λ0,λ1≤1≤µ,λ0+λ1

[

λ0 lnn0 + λ1 lnn1 + µ lnS−

−
d
∑

i=1

I(Pi, λ0, λ1, µ)

]

(42)

This will be proven in appendix C. In appendix D we will
show that the lower bound is asymptotically tight:

Definition 5.1: For any probability matrix P let

ω(P ) = − ln pj1∗p∗k1 (43)

where indicesj1, k1 maximize pjk

pj∗p∗k
.

Theorem 5.2: For anyǫ > 0 there exits a constanta(ǫ) > 0
such that for any dimensiond ≥ 1, probabilities satisfying
pi,jk = 0 or pi,jk > ǫ for any 1 ≤ i ≤ d, 0 ≤ j < b0, 0 ≤
k < b1 and parameters1 ≤ n0, n1 ≤ W , 0 < S ≤ 1 satisfying
(42) andW ≥ n0n1e

−
∑

i
ω(Pi) there exists a bucketing code

with work W̃ ≤ W ea(ǫ)+ǫd vector operations and success
probability S̃ ≥ Se−a(ǫ)−ǫd. The memory requirements are
a(ǫ) size code table andn0 + n1 vectors of pointers.

The boundW ≥ n0n1e
−
∑

i
ω(Pi) has effect beyondW ≥

n0, n1 only whenmin(n0, n1)e
−
∑

i
ω(Pi) > 1, which implies

bothn0

∏d
i=1 pi,ji∗ > 1 andn1

∏d
i=1 pi,∗ki

> 1 i.e. we expect
several data points to be indistinguishable. This could happen.
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For example whend = 0 we can either reject all pairs:S =
0, W = 0 or accept all pairs:S = 1, W = n0n1.

The loss factore−ǫd seems excessive. EveñS ≥ 1/2
might be considered too low. For constantPi = P it is
indeed possible to utilize the approach of section II to obtain
S̃ ≥ S(1 − o(1)), or evenS̃ ≥ S(1 − e−ǫd) by replacing
Chebyshev’s inequality with Chernoff’s inequality. We are
more interested in making a first stab at the much neglected
heterogeneous problem.

An equivalent way of writing condition (42) is

(lnn0, lnn1,− lnS, lnW ) ∈
d
∑

i=1

D(Pi) (44)

where
Definition 5.2: For any probability matrix P , its

log − attainable set is

D(P ) = {(m0, m1, s, w) | ∀ λ0, λ1 ≤ 1 ≤ µ, λ0 + λ1

w ≥ λ0m0 + λ1m1 − µs − I(P, λ0, λ1, µ)}
]

(45)

In terms of log-attainable sets, theorem 4.2 is equivalent to

D(P1 × P2) = D(P1) + D(P2) (46)

Intuitively the meaning of the criticalλ0 (attaining the
supremum) is that when we doublen0, the work increases
approximately by a factor of2λ0 . The reason forλ0 ≥ 0 is
that increasingn0 does not decrease the work. The reason for
λ0 ≤ 1 is that doublingn0 can at most double the work (use
the same bucketing code). Similarly0 ≤ λ1 ≤ 1. The reason
for λ0 + λ1 ≥ 1 is that if we doublen0 and n1 the work
must be at least doubled. The meaning of the criticalµ is that
when we double the work, the success probability increases
approximately by a factor of21/µ. The reason forµ ≥ 1 is
that doubling the work at most doubles the success probability
(the largerS is, the harder it is to improve).

In order to illustrate how (42) works let us consider diagonal
P (pjk = 0 for j 6= k). There are no errors, so the best codes
must consist of pairs of identical points. When we demand
S = 1 the supremum of (42) is attained byµ = ∞. For a
diagonal matrixI(P, λ0, λ1,∞) = (λ0 + λ1 − 1)I(P ) where
I(P ) = −∑b−1

j=0 pjj ln pjj is the information. Insertion into

(42) reveals the expectedlnW ≥ lnn0 +lnn1−
∑d

i=1 I(Pi).
Even whenS < 1 and µ < ∞ for a diagonalP , the
function I(P, λ0, λ1, µ) turns out to be a familiar object of
large deviation theory.

When there are errors we can not insist on a perfectS = 1.
Insertingλ0 = λ1 = 1, µ = ln ln(n0 + n1) into (42) reveals
that

lnW ≥ lnn0 + lnn1 + ln ln(n0 + n1) lnS−

−
d
∑

i=1

I (P, 1, 1, ln ln(n0 + n1)) (47)

For n0 + n1 → ∞ I (P, 1, 1, ln ln(n0 + n1)) → I(P, 1, 1,∞)
which turns out to be the familiar mutual informationI(P ),
so we have recreated a version of the information theoretic
(2).

Let us reconsiderPi =

(

p/2 (1 − p)/2
(1 − p)/2 p/2

)

, n0 =

n1 = n from section II. The matrixP is symmetric so

I(P, λ0, λ1, µ) = I(P, λ1, λ0, µ) (48)

The convexity ofI implies

I(P, λ0, λ1, µ) ≥ I(P, (λ0 + λ1)/2, (λ0 + λ1)/2, µ) (49)

so in theorems 5.1,5.2 it is enough to considerλ0 = λ1 = λ.
Definition A.1 involves a finite dimensional maximum, so it
is easy to obtain lower bounds. We will show in section VIII
that for anyǫ > 0

I(P, 1/(2p) + ǫ, 1/(2p) + ǫ,∞) > 0 (50)

Hence for any1/2 ≤ λ ≤ 1 ≤ µ, d ≥ lnn/I(P, 1/(2p) +
ǫ, 1/(2p) + ǫ,∞)

2λ lnn + µ lnS − I(P, λ, λ, µ)d ≤
≤ 2λ lnn − I(P, λ, λ,∞)d ≤ (1/p + 2ǫ) lnn (51)

(considerλ ≤ 1/(2p) + ǫ and λ ≥ 1/(2p) + ǫ separately).
Theorem 5.2 says that with workW ≤ n1/p+3ǫea(ǫ) we can
attain success probabilityn−ǫe−a(ǫ). In the other direction

lnW ≥ 1/p lnn + lnS − I(P, 1/(2p), 1/(2p), 1)d (52)

In a separate paper [6] we will prove
Theorem 5.3:

I

((

p/2 (1 − p)/2
(1 − p)/2 p/2

)

, 1/(2p), 1/(2p), 1

)

= 0

(53)
Hence1/p is indeed the critical exponent.

Thus we have obtained a near tight lower bound involving a
generalization of mutual information, which is asymptotically
approximated by a randomly constructed block code. The
analogy with Shannon’s coding and information theory (and
coding with distortion theory) is very strong, suggesting that
maybe we are redoing it in disguise. If it is a disguise,
it is quite effective. At least we feel fully justified calling
I(P, λ0, λ1, µ) the bucketing information function.

We also refer the reader to [5], which tackles a particular
class of practical bucketing algorithms (small leaves bucketing
forests). Their performance turns out to be bounded by a
small leaves bucketing information function, and that
bound is asymptotically attained by a specific practical algo-
rithm.

VI. I MPLICATION FOR THE INDYK -MOTWANI THEORY

The Indyk-Motwani paper [8] introduces a metric based,
worst case analysis. It is (nonessentially) monochromatic,
meaning thatX0 = X1 = X ⊂ Rd, n0 = n1 = n.
There is a metricdist and constantsc ≥ 1, r > 0 such
that matched pairsx, y ∈ X satisfy dist(x, y) ≤ r while
random pairs satisfydist(x, y) ≥ cr. They have shown
that for an L1 metric dist(x, y) =

∑d
i=1 |xi − yi| there

exists an algorithm (called LSH) with success probability
S = 1−o(1) and workW = O(n1+1/c). We prefer Shannon’s
information theoretic formulation, for reasons explainedin
[5]. Nevertheless an LSH is a bucketing code obeying certain
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symmetry and disjointness requirements, so our lower work
bounds apply. Let the metricdists be the standardLs distance

andPi =

(

p/2 (1 − p)/2
(1 − p)/2 p/2

)

, d → ∞. By the law of

large numbers for a matched pair(x, y) dists(x, y) = (1−p+
o(1))d, while for a random pairdists(x, y) = (1/2 + o(1))d
so cs = 1/(2− 2p) + o(1). Theorem 5.3 implies that in order
to achieve success probability1/2 the LSH will have at least
W ≥ n1/p/2 = n1+1/(2cs−1)+o(1). In [8]’s terms

ρs(c) ≥ 1/(2cs − 1) (54)

which slightly improves Motwani Naor and Panigrahy’s [11]

ρs(c) ≥ ec−s
−1

ec−s+1
.

VII. A PROOF FROM THE BOOK

The general proofs are quite complicated. However there is
an interesting simpler special case:µ = 1. Let us see when
it comes into play. Suppose we have unlimited homogeneous
dataPi = P for i = 1, 2, . . .. What dotheorems 5.1,5.2say?
WheneverI(P, λ0, λ1, µ) > 0 we can taked large enough
so that the bound means nothing. So the only distinction is
whetherI(P, λ0, λ1, µ) = 0 or not. Because of (40) this is
independent ofµ, so µ = 1 gives the stronger bounds. In
short

lnW ≥ sup
λ0,λ1≤1≤λ0+λ1

I(P,λ0,λ1,1)=0

[λ0 lnn0 + λ1 lnn1 + lnS] (55)

and this is asymptotically tight. It can be written as

(lnn0, lnn1,− lnS, lnW ) ∈ Cone(D(P )) (56)

where we define thelog-attainable cone

Cone(D(P )) = ∪α≥0αD(P ) = {(m0, m1, s, w) |
∀ λ0, λ1 ≤ 1 ≤ λ0 + λ1

I(P, λ0, λ1, 1) = 0 =⇒ w ≥ λ0m0 + λ1m1 − s} (57)

The constructive part of the proof (asymptotic tightness) is
similar to what we did in section II. In this section we will
prove the lower bound.

We begin with some definitions.
Definition 7.1: For any nonnegative matrix or vectorR,

and a probability matrix or vectorP of the same dimensions
b0 × b1, let the extended Kullback-Leibler divergence be

K(R‖P ) =

b0−1
∑

j=0

b1−1
∑

k=0

rjk ln
rjk

r∗∗pjk
≥ 0 (58)

wherer∗∗ =
∑b0−1

j=0

∑b1−1
k=0 rjk

Non-negativity follows from the well known log-sum inequal-
ity:

Lemma 7.1: For any nonnegativeq0, q1, . . . , qb−1 ≥ 0,
p0, p1, . . . , pb−1 ≥ 0

b−1
∑

j=0

qj ln
qj

pj
≥ q∗ ln

q∗
p∗

(59)

whereq∗ =
∑b−1

j=0 qj , p∗ =
∑b−1

j=0 pj

The bucketing information function forµ = 1 is defined by

Definition 7.2: SupposeP is a probability matrix. For any
λ0, λ1 ≤ 1 ≤ λ0 + λ1

I(P, λ0, λ1, 1) = max
Q

[λ0K(Q·∗‖P·∗)+

+λ1K(Q∗·‖P∗·) − K(Q··‖P··)] (60)

where Q ranges over all probability matrices of the same
dimensions asP .
Explicitly

I(P, λ0, λ1, 1) = max
{qjk≥0}jk

0≤j<b0
0≤k<b1
q∗∗=1

[

λ0

b0−1
∑

j=0

qj∗ ln
qj∗

pj∗
+

+λ1

b1−1
∑

k=0

q∗k ln
q∗k

p∗k
−

b0−1
∑

j=0

b1−1
∑

k=0

qjk ln
qjk

pjk

]

(61)

This definition makes it clear that the bucketing information
function is nonnegative (insertQ = P ), monotonically non-
decreasing inλ0, λ1 (lemma 7.1) and is convex inλ0, λ1

(maximum of linear functions).
Let us reconcile with (34):
Theorem 7.2:

I(P, λ0, λ1, 1) =

= max
{x0,j≥0}j

0≤j<b0
x0,∗=1

max
{x1,k≥0}k

0≤k<b1
x1,∗=1

ln

b0−1
∑

j=0

b1−1
∑

k=0

pjk

(

x0,j

pj∗

)λ0
(

x1,k

p∗k

)λ1

=

(62)

= max
{x1,k≥0}k

0≤k<b1
x1,∗=1

(1 − λ0) ln

b0−1
∑

j=0

[

b1−1
∑

k=0

pjkp−λ0

j∗

(

x1,k

p∗k

)λ1
]

1
1−λ0

(63)

Proof: Using 7.1, (61) can be rewritten as

I(P, λ0, λ1, 1) = max
{qjk≥0}jk

0≤j<b0
0≤k<b1
q∗∗=1

max
{x0,j≥0}j

0≤j<b0
x0,∗=1

max
{x1,k≥0}k

0≤k<b1
x1,∗=1

∑

jk

qjk

[

λ0 ln
x0,j

pj∗
+ λ1 ln

x1,k

p∗k
− ln

qjk

pjk

]

(64)

Again 7.1 provides the optimalqjk ’s

qjk = pjk

(

x0,j

pj∗

)λ0
(

x1,k

p∗k

)λ1
/

∑

j̃k̃

pj̃k̃

(

x0,j̃

pj̃∗

)λ0 (
x1,k̃

p∗k̃

)λ1

(65)
Insertion into (64) gives (62). Then standardL 1

λ0

, L 1
1−λ0

duality proves (63).
Proof of theorem 4.2 for µ = 1:

I(P1 × P2, λ0, λ1, 1) = I(P1, λ0, λ1, 1) + I(P2, λ0, λ1, 1)
(66)

Proof: Inequality I(P1 × P2, λ0, λ1, 1) ≥
I(P1, λ0, λ1, 1) + I(P2, λ0, λ1, 1) is obvious because
we can chooseQ = Q1 × Q2. The other direction is the
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challenge. DenoteI1 = I(P1, λ0, λ1, 1), I2 = I(P2, λ0, λ1, 1)
andP = P1 × P2

pj1k1j2k2 = p1,j1k1p2,j2k2 (67)

The nonstandardj1k1j2k2 ordering of coordinates will be
used throughout this proof. For any probability matrix
{qj1k1j2k2}j1k1j2k2

∑

j1k1j2k2

qj1k1j2k2 ln
qj1k1j2k2

p1,j1k1p2,j2k2

=

=
∑

j1k1

qj1k1∗∗ ln
qj1k1∗∗

p1,j1k1

+
∑

j1k1j2k2

qj1k1j2k2 ln
qj1k1j2k2

qj1k1∗∗p2,j2k2

(68)

By definition

I1 +
∑

j1k1

qj1k1∗∗ ln
qj1k1∗∗

p1,j1k1

≥

≥ λ0

∑

j1

qj1∗∗∗ ln
qj1∗∗∗

p1,j1∗
+ λ1

∑

k1

q∗k1∗∗ ln
q∗k1∗∗

p1,∗k1

(69)

and for allj1k1

I2 +
∑

j2k2

qj1k1j2k2/qj1k1∗∗ ln
qj1k1j2k2/qj1k1∗∗

p2,j2k2

≥

≥ λ0

∑

j2

qj1k1j2∗/qj1k1∗∗ ln
qj1k1j2∗/qj1k1∗∗

p2,j2∗
+

λ1

∑

k2

qj1k1∗k2/qj1k1∗∗ ln
qj1k1∗k2/qj1k1∗∗

p2,∗k2

(70)

Thus when multiplying byqj1k1∗∗ and summing overj1k1

I2 +
∑

j1k1j2k2

qj1k1j2k2 ln
qj1k1j2k2

qj1k1∗∗p2,j2k2

≥

≥ λ0

∑

j1k1j2

qj1k1j2∗ ln
qj1k1j2∗

qj1k1∗∗p2,j2∗
+

+λ1

∑

j1k1k2

qj1k1∗k2 ln
qj1k1∗k2

qj1k1∗∗p2,∗k2

(71)

so with help from lemma 7.1

I2 +
∑

j1k1j2k2

qj1k1j2k2 ln
qj1k1j2k2

qj1k1∗∗p2,j2k2

≥

≥ λ0

∑

j1j2

qj1∗j2∗ ln
qj1∗j2∗

qj1∗∗∗p2,j2∗
+

+λ1

∑

k1k2

q∗k1∗k2 ln
q∗k1∗k2

q∗k1∗∗p2,∗k2

(72)

Combining formulas (68),(69) and (72) gives

I1 + I2 +
∑

j1k1j2k2

qj1k1j2k2 ln
qj1k1j2k2

p1,j1k1p2,j2k2

≥

≥ λ0

∑

j1j2

qj1∗j2∗ ln
qj1∗j2∗

p1,j1∗p2,j2∗
+

+λ1

∑

k1k2

q∗k1∗k2 ln
q∗k1∗k2

p1,∗k1p2,∗k2

(73)

henceI1 + I2 ≥ I(P1 × P2, λ0, λ1, 1).

Theorem 7.3: For any B0 ⊂ {0, 1, . . . , b0 − 1}d, B1 ⊂
{0, 1, . . . , b1 − 1}d

pB0B1 ≤ min
λ0,λ1≤1≤λ0+λ1

pλ0

B0∗
pλ1

∗B1
eI(P,λ0,λ1,1)d (74)

Proof: Without restricting generality letd = 1. Inserting

qjk =

{ pjk

pB0B1
j ∈ B0, k ∈ B1

0 otherwise
(75)

into (61) and using lemma 7.1 proves the assertion.
We can now prove an important special case of theorem

5.1:
Theorem 7.4: For any bucketing code with probability

matricesPi = P , set sizesn0, n1, success probabilityS and
work W

W ≥ S sup
λ0,λ1≤1≤λ0+λ1

nλ0
0 nλ1

1 e−I(P,λ0,λ1,1)d (76)

Proof: Without restricting generality letd = 1. By
definition 3W ≥∑t Wt where

Wt = max
(

n0pB0,t∗, n1p∗B1,t
, n0pB0,t∗n1p∗B1,t

)

(77)

so for (λ0, λ1) = (0, 1), (1, 0), (1, 1) we already have

lnWt ≥ λ0 ln(n0pB0,t∗) + λ1 ln(n1p∗B1,t
) (78)

and by linearity it holds for all (λ0, λ1) ∈
Conv({(1, 0), (0, 1), (1, 1)}). With the help of (74)

Wt ≥ (n0pB0,t∗)
λ0(n1p∗B1,t

)λ1 ≥
≥ nλ0

0 nλ1
1 pB0,tB1,t

e−I(P,λ0,λ1,1) (79)

Summing up overt proves

3W ≥ nλ0
0 nλ1

1 Se−I(P,λ0,λ1,1) (80)

In order to get rid of the pesky3 we concatenate the bucketing
code with itselfd → ∞ times. Then

3W d ≥ nλ0d
0 nλ1d

1 Sde−I(P,λ0,λ1,1)d (81)

so takingd’th root concludes this proof.

VIII. C OMPUTING LOG-ATTAINABLE POINTS

Again P =

(

p/2 (1 − p)/2
(1 − p)/2 p/2

)

, d → ∞. Inserting

Q =

(

1 0
0 0

)

into (60) (or x1 =

(

1
0

)

into (63))

implies thatI(P, λ0, λ1, 1) ≥ p2λ0+λ1−1. Henceλ0 + λ1 >
log2 2/p =⇒ I(P, λ0, λ1, 1) > 0. Recalling (57), it is the long
known

(1, 1, 0, log2 2/p) ∈ Cone(D(P )) (82)

Formula (63) for our specific matrix is

eI(P,λ0,λ1,1) =
1

2
max

0≤x≤1
[f(x) + f(1 − x)] (83)

where

f(x) =
[

p(2x)λ1 + (1 − p)(2 − 2x)λ1
]

1
1−λ0 (84)

Becausef(1/2) = 1

d2f(1/2)

dx2
> 0 =⇒ I(P, λ0, λ1, 1) > 0 (85)
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Differentiation gives

(1 − λ0)
2

4λ1

d2f(1/2)

dx2
= (2p−1)2λ0λ1−(1−λ0)(1−λ1) (86)

In particularλ0 + λ1 > 1/p =⇒ I(P, λ0, λ1, 1) > 0 so

(1, 1, 0, 1/p) ∈ Cone(D(P )) (87)

which is essentially section II. We have found a proof [6] that
I(P, 1/2p, 1/2p, 1) = 0 so (87) is right on the boundary.

Another interesting log-attainable point is found by looking
near (λ0, λ1) = (0, 1): (2p − 1)2λ0 + λ1 > 1 =⇒
I(P, λ0, λ1, 1) > 0 so

((2p − 1)2, 1, 0, 1) ∈ Cone(D(P )) (88)

This means that whenn0 ≤ n
(2p−1)2

1 we can find matched
pairs in near linear time!

IX. CONCLUSION

We consider the approximate nearest neighbor problem in a
probabilistic setting. Using several coordinates at once enables
asymptotically better approximate nearest neighbor algorithms
than using them one at a time. The performance is bounded by,
and tends to, a newly defined bucketing information function.
Thus bucketing coding and information theory play the same
role for the approximate nearest neighbor problem that Shan-
non’s coding and information theory play for communication.

APPENDIX A
BUCKETING INFORMATION BASICS

Definition A.1: SupposeP is a probability matrix. The
bucketing information function is for λ0, λ1 ≤ 1 ≤
µ, λ0 + λ1

I(P, λ0, λ1, µ) = max
{ri,jk≥0}ijk

0≤i<b0b1
0≤j<b0
0≤k<b1
r∗,∗∗=1

[

λ0

b0b1−1
∑

i=0

K(Ri,·∗‖P·∗)+

+λ1

b0b1−1
∑

i=0

K(Ri,∗·‖P∗·)−

−(µ − 1)K(R∗,··‖P··) −
b0b1−1
∑

i=0

K(Ri,··‖P··)

]

(89)

Explicitly ri,j∗ =
∑b1−1

k=0 ri,jk, K(Ri,·∗‖P·∗) =
∑b0−1

j=0 ri,j∗ ln
ri,j∗

ri,∗∗pj∗
etc.

The quantity maximized upon looks a bit like curvature.
Insertion into definition 5.2 results in

Lemma A.1:

D(P ) = Convc

(

{(

∑

i

K(Ri,·∗‖P·∗),
∑

i

K(Ri,∗·‖P∗·),

K(R∗,··‖P··), −K(R∗,··‖P··) +
∑

i

K(Ri,··‖P··)
)}

R

)

+

+ConvConec({(1, 0, 0, 1), (0, 1, 0, 1), (−1,−1, 0,−1),

, (0, 0, 1, 0), (0, 0, 0, 1), (0, 0, 1,−1)})
(90)

whereConvc is the closure of the convex hull andConvConec

is the closure of the convex cone (nonnegative span). In
particular

Cone(D(P )) = ConvConec({(K(Q·∗‖P·∗),

, K(Q∗·‖P∗·), 0, K(Q··‖P··))}Q)+

+ConvCone({(1, 0, 0, 1), (0, 1, 0, 1), (−1,−1, 0,−1),

, (0, 0, 1, 0),±(0, 0, 1,−1)}) (91)

whereQ runs over allb0 × b1 probability matrices.
Proof: We will prove (91). By linear duality inequalities

λ0 ·1+λ1 ·0 ≤ 1, λ0 ·0+λ1 ·1 ≤ 1, λ0 ·(−1)+λ1 ·(−1) ≤ −1
andλ0 ·K(Q·∗‖P·∗)+λ1 ·K(Q∗·‖P∗·) ≤ K(Q··‖P··) (for sev-
eralQ’s) imply λ0 ·m0+λ1 ·m1 ≤ s+w if (m0, m1, s+w) is a
nonnegative combination of(1, 0, 1), (0, 1, 1), (−1,−1,−1),
(0, 0, 1) and several(K(Q·∗‖P·∗), K(Q∗·‖P∗·), K(Q··‖P··)).
The proof of (90) is very similar.

Let us take a closer look at (89). Not restricting the number
of termsi does not changeI. It can be rewritten as:

Lemma A.2:

I(P, λ0, λ1, µ) = max
Q

[

− (µ − 1)K(Q··‖P··)+

+ max
(Q,y)∈Convc(∆(P,λ0,λ1))

y

]

(92)

where

∆(P, λ0, λ1) = {(Q, λ0K(Q·∗‖P·∗)+

+λ1K(Q∗·‖P∗·) − K(Q··‖P··))}Q (93)

Proof: The connection between definition A.1 and (92)
is throughri = ri,∗∗ , qi,jk =

ri,jk

ri,∗∗

I(P, λ0, λ1, µ) = max
{ri,Qi}i

r∗=1

[

b0b1−1
∑

i=0

ri

[

λ0K(Qi,·∗‖P·∗)+

+λ1K(Qi,∗·‖P∗·)−

−(µ − 1)K
(

∑

i

riQi,··

∥

∥

∥P··

)

− K(Qi,··‖P··)
]

]

(94)

The set∆ is b0b1 dimensional, so by Caratheodory’s theorem
any point on the boundary of its convex hull is a convex
combination ofb0b1 points from∆.

From now on when dealing with the bucketing information
function, we will write

∑

i without worrying about the number
of indices.

Lemma A.3: For any probability matrixP the bucketing
information functionI(P, λ0, λ1, µ) is nonnegative, monoton-
ically nondecreasing and convex inλ0, λ1,−µ. Special values
are

I(P, λ0, λ1, µ) = 0 ⇐⇒
⇐⇒ ∀Q, K(Q··‖P··) ≥ λ0K(Q·∗‖P·∗) + λ1K(Q∗·‖P∗·)

(95)

I(P, λ0, 1 − λ0, µ) = 0 (96)

I(P, 1, 1, µ) = (µ − 1) ln

b0−1
∑

j=0

b1−1
∑

k=0

pjk

(

pjk

pj∗p∗k

)
1

µ−1

(97)
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I(P, 1, 1, 1) = ln max
0≤j<b0
0≤k<b1

pjk

pj∗p∗k
(98)

I(P, 1, 1,∞) = I(P ) =

b0−1
∑

j=0

b1−1
∑

k=0

pjk ln
pjk

pj∗p∗k
(99)

For a diagonalP (pjk = 0 for j 6= k)

I(P, λ0, λ1, µ) = (µ − 1) ln

b−1
∑

j=0

p
µ−λ0−λ1

µ−1

jj (100)

Proof: Non-negativity follows by takingQ = P . Mono-
tonicity and convexity hold by definition. Clearly

I(P, λ0, λ1, µ) ≤ max
Q

b0b1−1
∑

i=0

[

λ0K(Qi,·∗‖P·∗)+

+λ1K(Qi,∗·‖P∗·) − K(Qi,··‖P··)

]

(101)

so direction⇐ of (95) is true. On the other hand assume that
for someQ

K(Q··‖P··) < λ0K(Q·∗‖P·∗) + λ1K(Q∗·‖P∗·) (102)

Insertingr0,jk = ǫqjk, r1,jk = pjk − ǫqjk into definition A.1
gives

I(P, λ0, λ1, µ) ≥ ǫ

[

λ0K(Q·∗‖P·∗)+

+λ1K(Q∗·‖P∗·) − K(Q··‖P··)

]

+

+(1 − ǫ)
[

λ0K(P̃·∗‖P·∗) + λ1K(P̃∗·‖P∗·) − K(P̃··‖P··)
]

(103)

whereP̃ = (P − ǫQ)/(1 − ǫ) = P + ǫ(P − Q)/(1 − ǫ). The
Kullback-Leibler divergence betweeñP andP is second order
in ǫ, and the same holds for their marginal vectors. Hence for
a small ǫ > 0 the bucketing informationI(P, λ0, λ1, µ) is
positive, and the proof of (95) is done.

Lemma 7.1 implies

K(Ri,·∗‖P·∗), K(Ri,∗·‖P∗·) ≤ K(Ri,··‖P··) (104)

so (96) follows from (95).
Now will prove (97). We want to maximize
∑

i

[

K(Ri,·∗‖P·∗) + K(Ri,∗·‖P∗·) − K(Ri,··‖P··)
]

=

=
∑

jk

r∗,jk ln
pjk

pj∗p∗k
−
∑

ijk

ri,jk ln
ri,∗∗ri,jk

ri,j∗ri,∗k

(105)

The rightmost sum is nonnegative, and for any{r∗,jk}jk it
can be made0 by choosing

ri,jk =

{

r∗,jk i = j + b0k
0 otherwise

(106)

Hence we want to maximize
∑

jk

r∗,jk ln
(pjk)µ

pj∗p∗k
+ (1 − µ)

∑

jk

r∗,jk ln r∗,jk (107)

The maximized function is concave in{r∗,jk}jk, and Lagrange
multipliers reveal the optimal choice

r∗,jk =

(

(pjk)µ

pj∗p∗k

)
1

µ−1

/

∑

j̃k̃

(

(pj̃k̃)µ

pj̃∗p∗k̃

)
1

µ−1

(108)

Whenµ → ∞ for any a a1/(µ−1) = 1 + a/µ + O(µ−2) and
(97) follows. For a diagonalP formula (100) is similar to (97)
but simpler.

APPENDIX B
BUCKETING INFORMATION OF A TENSORPRODUCT

In this section we prove theorem 4.2:

I(P1 × P2, λ0, λ1, µ) = I(P1, λ0, λ1, µ) + I(P2, λ0, λ1, µ)
(109)

Proof: InsertingR = R1 ×R2 into definition A.1 proves
thatI(P1×P2, λ0, λ1, µ) ≥ I(P1, λ0, λ1, µ)+I(P2, λ0, λ1, µ).
DenoteI1 = I(P1, λ0, λ1, µ), I2 = I(P2, λ0, λ1, µ) andP =
P1 × P2:

pj1k1j2k2 = p1,j1k1p2,j2k2 (110)

For any{ri,j1j2k1k2}i,j1j2k1k2

(µ − 1)K(R∗,····‖P····) +
∑

i

K(Ri,····‖P····) =

= (µ − 1)
∑

j1k1

r∗,j1k1∗∗ ln
r∗,j1k1∗∗

p1,j1k1

+

+
∑

i,j1k1

ri,j1k1∗∗ ln
ri,j1k1∗∗

ri,∗∗∗∗p1,j1k1

+

+(µ − 1)
∑

j1k1j2k2

r∗,j1k1j2k2 ln
r∗,j1k1j2k2

r∗,j1k1∗∗p2,j2k2

+

+
∑

i,j1k1j2k2

ri,j1k1j2k2 ln
ri,j1k1j2k2

ri,j1k1∗∗p2,j2k2

(111)

By definition of I1 andI2

I1 + (µ − 1)
∑

j1k1

r∗,j1k1∗∗ ln
r∗,j1k1∗∗

p1,j1k1

+

+
∑

i,j1k1

ri,j1k1∗∗ ln
ri,j1k1∗∗

ri,∗∗∗∗p1,j1k1

≥

≥ λ0

∑

i,j1

ri,j1∗∗∗ ln
ri,j1∗∗∗

ri,∗∗∗∗p1,j1∗
+

+λ1

∑

i,k1

ri,∗k1∗∗ ln
ri,∗k1∗∗

ri,∗∗∗∗p1,∗k1

(112)

and

r∗,j1k1∗∗I2 + (µ − 1)
∑

j2k2

r∗,j1k1j2k2 ln
r∗,j1k1j2k2

r∗,j1k1∗∗p2,j2k2

+

+
∑

i,j2k2

ri,j1k1j2k2 ln
ri,j1k1j2k2

ri,j1,k1∗∗p2,j2k2

≥

≥ λ0

∑

i,j2

ri,j1k1j2∗ ln
ri,j1k1j2∗

ri,j1k1∗∗p2,j2∗
+

+λ1

∑

i,k2

ri,j1k1∗k2 ln
ri,j1k1∗k2

ri,j1,k1∗∗p2,∗k2

(113)
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Lemma 7.1 implies

I2 + (µ − 1)
∑

j1k1j2k2

r∗,j1k1j2k2 ln
r∗,j1k1j2k2

r∗,j1k1∗∗p2,j2k2

+

+
∑

i,j1k1j2k2

ri,j1k1j2k2 ln
ri,j1k1j2k2

ri,j1,k1∗∗p2,j2k2

≥

≥ λ0

∑

i,j1j2

ri,j1∗j2∗ ln
ri,j1∗j2∗

ri,j1∗∗∗p2,j2∗
+

+λ1

∑

i,k1k2

ri,∗k1∗k2 ln
ri,∗k1∗k2

ri,∗,k1∗∗p2,∗k2

(114)

Together

I1 + I2 + (µ − 1)K(R∗,····‖P····) +
∑

i

K(Ri,····‖P····) ≥

≥ λ0

∑

i

K(Ri,·∗·∗‖P·∗·∗) + λ1

∑

i

K(Ri,∗·∗·‖P∗·∗·)

(115)

APPENDIX C
PROOF OFTHEOREM 5.1

In light of theorem 4.2 it is enough to prove (42) ford = 1:

lnW ≥ λ0 lnn0 + λ1 lnn1 + µ lnS − I(P, λ0, λ1, µ) (116)

Proof: Let (B0,0, B1,0), · · · ,(B0,T−1, B1,T−1) be subset
pairs. Denote

Bi = B0,i × B1,i \
i−1
⋃

t=0

B0,t × B1,t (117)

so the success probability isS =
∑

i pBi
. Insert

ri,jk =

{ pjk

S (j, k) ∈ Bi

0 otherwise
(118)

into definition A.1. Lemma 7.1 implies

K(Ri,·∗‖P·∗) =
∑

j∈B0,i

ri,j∗ ln
ri,j∗

ri,∗∗pj∗
=

+ri,∗∗

∑

j∈B0,i

ri,j∗

ri,∗∗
ln

ri,j∗

ri,∗∗pj∗
≥ −ri,∗∗ ln pB0,i∗ (119)

Similarly
K(Ri,∗·‖P∗·) ≥ −ri,∗∗ ln p∗B1,i

(120)

Thus
∑

i

[λ0K(Ri,·∗‖P·∗) + λ1K(Ri,∗·‖P∗·)] ≥

≥ −
∑

i

ri,∗∗

(

λ0 ln pB0,i∗ + λ1 ln p∗B1,i

)

(121)

Recall that the work satisfies3W ≥ W∗ =
∑

i Wi where

Wi = max
(

n0pB0,i∗, n1p∗B1,i
, n0pB0,i∗n1p∗B1,i

)

(122)

so for (λ0, λ1) = (0, 1), (1, 0), (1, 1)

lnWi ≥ λ0 ln(n0pB0,i∗) + λ1 ln(n1p∗B1,i
) (123)

and by linearity it holds for all (λ0, λ1) ∈
Conv({(1, 0), (0, 1), (1, 1)}). Hence

lnWi ≥ λ0 ln(n0pB0,i∗) + λ1 ln(n1p∗B1,i
) (124)

and thus

−
(

λ0 ln pB0,i∗ + λ1 ln p∗B1,i

)

≥ λ0 lnn0 + λ1 lnn1 − lnWi

(125)
Clearly

K(R∗,··‖P··) = − lnS (126)

∑

i

K(Ri,··‖P··) = −
∑

ijk

ri,jk ln(ri,∗∗S) =

= − lnS −
∑

i

ri,∗∗ ln ri,∗∗ (127)

Now definition A.1,(121),(125),(126) and (127) come together:

I(P, λ0, λ1, µ) ≥ λ0

∑

i

K(Ri,·∗‖P·∗)+

+λ1

∑

i

K(Ri,∗·‖P∗·) − (µ − 1)K(R∗,··‖P··)−

−
∑

i

K(Ri,··‖P··) ≥

≥
∑

i

ri,∗∗ (λ0 lnn0 + λ1 lnn1 − lnWi)+

+µ lnS +
∑

i

ri,∗∗ ln ri,∗∗ =

= λ0 lnn0 + λ1 lnn1 + µ lnS +
∑

i

ri,∗∗ ln
ri,∗∗

Wi
(128)

Another call of duty for lemma 7.1 produces
∑

i

ri,∗∗ ln
ri,∗∗

Wi
≥ − lnW∗ (129)

Insertion into (128) results in

ln 3W ≥ lnW∗ ≥ λ0 lnn0+λ1 lnn1+µ lnS−I(P, λ0, λ1, µ)
(130)

In order to get rid of the pesky3 we concatenate the bucketing
code with itselfd → ∞ times. Then

ln 3W d ≥ λ0 lnnd
0 + λ1 lnnd

1 + µ lnSd − I(P, λ0, λ1, µ)d
(131)

and division byd concludes this proof.

APPENDIX D
PROOF OFTHEOREM 5.2

Definition D.1: For any probability matrixP let the set
E(P ) be

E(P ) = [∪ν≥1Eν(P )]
c (132)

Eν(P ) = Conv

{

1

ν
(lnn0, lnn1,− ln S̃, ln W̃ )

}

(133)

where n0, n1 > 0 are arbitrary and0 ≤ S̃ ≤ S, W̃ ≥ W . By
S, W we denote the success probability and work of someν
dimensional bucketing code forPi = P .

In the previous appendix we have shown thatE(P ) ⊂
D(P ) = D(P ) + Cone((0, 0, 1,−1)). Theorem D.3 will
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prove a strong version of the converseE(P ) ⊃ D(P ) +
Cone((0, 0, 1,−1)). It is the heart of this appendix, the rest
are technicalities.

When a bucketing code contains only one bucket pair, we
do not have to worry about the bucketing work because it is
bounded from above bymax(n0, n1). Hence it makes sense
to define

Definition D.2: For any probability matrixP let the sets
Ẽ(P ), Ẽν(P ) be defined by (132),(133) but withS = pB0B1 ,
W = n0n1pB0∗p∗B1 for some single bucket pair (T = 1)
bucketing code.

Definition D.3: For any probability matrixP

ρ(P ) = − ln min
0≤j<b0
0≤k≤b1
pjk>0

pjk (134)

The following result shows that the convex hull in (133) is for
convenience only.

Lemma D.1: For any vector(m0, m1, s, w) ∈ Eν(P ) there
exists aν2 dimensional bucketing code with vector

(m0, m1, s, (1 + 8ρ(P )/ν)w) (135)

There also exits aν2 dimensional bucketing code with vector

(m0, m1, s + 4ρ(P )/ν, w) (136)

Similar statements hold for̃Eν(P ).
Proof: Let (m0, m1, s, w) ∈ Eν(P ). By Caratheodory’s

theorem

(m0, m1, s, w) =

5
∑

i=1

αi(mi,0, mi,1, si, wi) (137)

where αi ≥ 0,
∑5

i=1 αi = 1 and (mi,0, mi,1, si, wi) is
the vector of aν dimensional bucketing code. Without re-
stricting generality we can exclude codes with more than
eν max(m0,m1,m0+m1) work, hencewi ≤ w + 2ρ(P ). Let us
concatenateν1 copies of the first code withν2 copies of the
second code etc, where

∑5
i=1 νi = ν and νi ≥ ⌊αiν⌋. The

extra
∑5

i=1 (αiν − ⌊αiν⌋) ≤ 4 copies go to the lowestsi

code, so− 1
ν2 lnS ≤ s and 1

ν2 lnW ≤ w + 8ρ(P )
ν w. Thus we

attained (135).
In order to get (136) we exclude codes with zero success

probability, hencesi ≥ ρ(P ), and give the extra weight to the
lowestwi code.

We will use the following multinomial estimate.
Lemma D.2: For any probability distribution{ri ≥

0}0≤i<I , r∗ = 1 and and an integerν ≥ 1 there exist
nonnegative integers{νi ≥ 0}0≤i<I such thatν∗ = ν and

riν − 1 < νi < riν + 1 (138)

Moreover these inequalities imply

ν1−2I ≤ ν∗!
∏I−1

i=0 νi!

I−1
∏

i=0

rriν
i ≤ νI (139)

Proof: Let νi = ⌊riν⌋ + ǫi whereǫi = 0, 1 in general,
ǫi = 0 whenriν is integral andǫ∗ =

∑

i (riν − ⌊riν⌋). Thus

we get (138). The case ofν = 1 is trivial so letν ≥ 2. Estimate
(139) follows from the well known multinomial inequality

ν1−I ≤ ν∗!
∏I−1

i=0 νi!

I−1
∏

i=0

(νi

ν

)νi

≤ 1 (140)

and the easy bound

|x ln x − y ln y| ≤ −|x − y| ln |x − y| (141)

valid for all any0 ≤ x, y ≤ 1, |x − y| ≤ 1/2.
Theorem D.3: For any probability matrixP andν ≥ 1

D(P ) + b0b1
ρ(P ) + ln ν

ν
(0, 0, 2, 3) ⊂

⊂ Eν(P ) ∪
[

(Eν(P ) ∩ Ẽν(P )) + Cone((0, 0, 1,−1))
]

(142)

Proof: The single big bags pair code

B0 = {0, 1, . . . , b0 − 1}, B1 = {0, 1, . . . , b1 − 1} (143)

shows that

ConvCone({(1, 0, 0, 1), (0, 1, 0, 1), (−1,−1, 0,−1),

, (0, 0, 1, 0), (0, 0, 0, 1)}) ⊂ E1(P ) ∩ Ẽ1(P ) (144)

Let {ri,jk}ijk satisfyri,jk ≥ 0, r∗,∗∗ = 1. We will prove that
(

∑

i

K(Ri,·∗‖P·∗),
∑

i

K(Ri,∗·‖P∗·),

,
∑

i

K(Ri,··‖P··), 0

)

+

+b0b1
ρ(P ) + ln ν

ν
(0, 0, 2, 2) ∈ Eν(P ) ∩ Ẽν(P ) (145)

and
(

∑

i

K(Ri,·∗‖P·∗),
∑

i

K(Ri,∗·‖P∗·), K(R∗,··‖P··),

,−K(R∗,··‖P··) +
∑

i

K(Ri,··‖P··)

)

+

+b0b1
ρ(P ) + ln ν

ν
(0, 0, 2, 3) ∈ Eν(P ) (146)

Formulas (144),(146) together with lemma A.1 prove

D(P ) + 3b0b1
ln ν

ν
(0, 0, 1, 1) ⊂ Eν(P ) + Cone((0, 0, 1,−1))

(147)
Formula (142) is proven as follows. For any
(m0, m1, s, w) ∈ E(P ) + Cone((0, 0, 1,−1)) let α be
the minimalα ≥ 0 such that(m0, m1, s−α, w +α) ∈ E(P ).
Whenα = 0 we are done. Otherwise(m0, m1, s− α, w + α)
is in the closure of the convex hull of the
(
∑

i K(Ri,·∗‖P·∗),
∑

i K(Ri,∗·‖P∗·),
∑

i K(Ri,··‖P··), 0)
points, so we get (142).

It remains to prove (145),(146). Lemma D.2 provides us
with nonnegative{νi,jk}i,jk. Let us define a bucket pair

B0,0 =

{

x0

∣

∣

∣

∣

∣

∀ij

ci+1
∑

l=ci+1

(x0,l == j) = νi,j∗

}

(148)
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B0,1 =

{

x1

∣

∣

∣

∣

∣

∀ik

ci+1
∑

l=ci+1

(x1,l == k) = νi,∗k

}

(149)

whereci =
∑i−1

l=0 νi,∗∗ In words we wantx0 to contain exactly
ν0,j∗ j-values in its firstν0,∗∗ coordinates, etc. The bucket
probabilities are

pB0,0∗ =
∏

i





νi,∗∗!
∏

j νi,j∗!

∏

j

p
νi,j∗

j∗



 (150)

p∗B0,1 =
∏

i

[

νi,∗∗!
∏

k νi,∗k!

∏

k

p
νi,∗k

∗k

]

(151)

Let us addT − 1 similar buckets. They are generated by ran-
domly permuting the coordinates1, 2, . . . , ν. A lower bound
of the average success probability of this random bucketing
code is

E[S] ≥ U
[

1 − (1 − V/U)T
]

≥ Ue−TV/U (152)

where
U =

ν!
∏

jk ν∗,jk!

∏

jk

p
ν∗,jk

jk (153)

is the probability that a matched pair obtains coordinate pair
(j, k) exactlyν∗,jk times, and

V =
∏

i





νi,∗∗!
∏

jk νi,jk!

∏

jk

p
νi,jk

jk



 (154)

is the probability that a matched pair obtains coordinate pair
(j, k) exactly νi,jk times in coordinate subset numberi. Of
course there exists a deterministic code at least as successful
as the average code.

Lemma D.2 implies

−c ≤ −1

ν
ln pB0,0∗ −

∑

i

K(Ri,·∗‖P·∗) ≤ 2c − ρ(P )

ν
(155)

−c ≤ −1

ν
ln p∗B0,1 −

∑

i

K(Ri,∗·‖P∗·) ≤ 2c − ρ(P )

ν
(156)

−c ≤ −1

ν
lnU − K(R∗,··‖P··) ≤ 2c − ρ(P )

ν
(157)

−c ≤ −1

ν
lnV −

∑

i

K(Ri,··‖P··) ≤ 2c − ρ(P )

ν
(158)

wherec = b0b1
ρ(P )+ln ν

ν . Let

lnn0 =
∑

i

K(Ri,·∗‖P·∗) (159)

lnn1 =
∑

i

K(Ri,∗·‖P∗·) (160)

In order to establish (145) we chooseT = 1. In order to
establish (146) we chooseT = ⌈U/V ⌉.

Lemma D.4:

⊕d
i=1D(Pi) + (0, 0, o(1), o(1)) ⊂ ⊕d

i=1Eν(Pi)∪
∪
[

⊕d
i=1Ẽν(Pi) + Cone((0, 0, 1,−1))

]

(161)

where⊕d
i=1D(Pi) = D(P1)+ · · ·+D(Pd) etc., ando(1) → 0

asν → ∞.
Proof: Let (m0, m1, s, w) ∈ ⊕d

i=1D(Pi). We know that
there existα ≥ 0, (mi,0, mi,1, si, wi) ∈ Eν(Pi) such that

(m0, m1, s − α, w + α) + (0, 0, o(1), o(1)) =

=

d
∑

i=1

(mi,0, mi,1, si, wi) (162)

Let αi ≥ 0 be the maximal values such that(mi,0, mi,1, si +
αi, wi − αi) ∈ Eν(Pi). Theorem D.3 implies that

(mi,0, mi,1, si + αi, wi − αi) + (0, 0, o(1), o(1)) ∈
∈ Enu(Pi) ∩ Ẽν(Pi) (163)

Denoteβ = −α +
∑d

i=1 αi. Whenβ ≤ 0

(m0, m1, s, w) + (0, 0, o(1), o(1)) =

= −β(0, 0, 1,−1) +

d
∑

i=1

(mi,0, mi,1, si + αi, wi − αi)

(164)

so (m0, m1, s, w) + (0, 0, o(1), o(1)) ∈ ⊕d
i=1Ẽν(Pi) +

Cone((0, 0, 1,−1). Whenβ ≥ 0

(m0, m1, s, w) + (0, 0, o(1), o(1)) =

=
d
∑

i=1

[

β

α + β
(mi,0, mi,1, si, wi)+

+
α

α + β
(mi,0, mi,1, si + αi, wi − αi)

]

(165)

so (m0, m1, s, w) + (0, 0, o(1), o(1)) ∈ ⊕d
i=1Eν(Pi).

Definition D.4: For any probability matrixP let H̃(P ) be
the half space

H̃(P ) = {(m0, m1, s, w) | w ≥ m0 + m1 − ω(P )} (166)

Lemma D.5:
[

Ẽν(P ) + Cone((0, 0, 1,−1))
]

∩ H̃(P ) ⊂ Ẽν(P ) (167)

Proof: Let (m0, m1, s, w) be in the left side set. For some
α ≥ 0

(m0, m1, s − α, w + α) ∈ Ẽν(P ) (168)

Denote
β = w − m0 − m1 + ω(P ) ≥ 0 (169)

ClearlypB0B1 ≤ pj1k1

pj1∗p∗k1
pB0∗p∗B1 so−s ≤ ln

pj1k1

pj1∗p∗k1
+w−

m0 − m1 which can be written as

β + s + ln pj1k1 ≥ 0 (170)

The single bucket pair codeB0 = {(j1)}, B1 = {(k1)} shows
that

(m0, m1,− ln pj1k1 , m0 + m1 + ln pj1∗p∗k1) =

= (m0, m1,− ln pj1k1 , w − β) ∈ Ẽ1(P ) (171)
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Hence

(m0, m1, s, w) =
β

α + β
(m0, m1, s − α, w + α)+

+
α

α + β
(m0, m1,− ln pj1k1 , w − β)+

+
α

α + β
(0, 0, β + s + ln pj1k1 , 0) ∈ Ẽν(P ) (172)

Lemma D.6:
[

⊕d
i=1Ẽν(Pi) + Cone((0, 0, 1,−1))

]

∩
∩⊕d

i=1 H̃(Pi) ⊂ ⊕d
i=1Ẽν(Pi) (173)

Proof: Let (m0, m1, s, w) belong to left side set. There
exist α ≥ 0, (mi,0, mi,1, si, wi) ∈ Ẽν(Pi) such that

(m0, m1, s − α, w + α) =

d
∑

i=1

(mi,0, mi,1, si, wi) (174)

w ≥ m0 + m1 −
d
∑

i=1

ω(Pi) (175)

Let αi ≥ 0 be the maximal value such that(mi,0, mi,1, si +
αi, wi − αi) ∈ Ẽν(Pi). Lemma D.5 implies thatwi − αi ≤
mi,0 + mi,1 − ω(Pi) which is rearranged as

αi ≥ wi − mi,0 − mi,1 + ω(Pi) (176)

and summed up to give

β = −α +
d
∑

i=1

αi ≥ w − m0 − m1 +
d
∑

i=1

ω(Pi) ≥ 0 (177)

Hence

(m0, m1, s, w) =

d
∑

i=1

[

β

α + β
(mi,0, mi,1, si, wi)+

+
α

α + β
(mi,0, mi,1, si + αi, wi − αi)

]

(178)

Lemmas D.4 and D.6 combine into
Theorem D.7:
(

⊕d
i=1 D(Pi) ∩⊕d

i=1H̃(Pi)

)

+ (0, 0, o(1), o(1)) ⊂

⊂ ⊕d
i=1Eν(Pi) ∪ ⊕d

i=1Ẽν(Pi) (179)

Proof of theorem 5.2.
Proof: Let ν > 1 be a “large enough” integer (to be

determined). We are given(m0, m1, s, w) ∈ ⊕d
i=1D(Pi) ∩

⊕d
i=1H̃(Pi), s ≥ 0 andw ≥ m0, m1 ≥ 0. Theorem D.7 tells

that either(m0, m1, s, w) + (0, 0, o(1), o(1)) ∈ ⊕d
i=1Eν(Pi)

or a similar statement holds for̃Eν(Pi).
First consider the homogeneousPi = P case. Lemma D.1

implies the existence of aν2 dimensional bucketing code with
vector (m0, m1, s + o(1), w). The ⌊d/ν2⌋’th tensor power of
that code attains all theorem 5.2’s claims. Then0 +n1 vector
pointers are the depth first search pointers, as discussed in
section II.

When thePi’s are not equal, we replace them with ap-
proximations taken from a prearranged constant set of ma-
trices. For δ > 0 0 ≤ j < b let P (δ) be defined by
pjk(δ) = ce−⌈−(ln pjk)/δ⌉δ where the normalizingc enforces
p∗∗(δ) = 1. The work and success are changed by at most
e−δd ≤ W (δ)/W, S(δ)/S ≤ eδd. In particular(m0, m1, s +
2δd, w + 2δd) ∈ ⊕d

i=1D(Pi(δ)) ∩ ⊕d
i=1H̃(Pi(δ)). Requiring

pi,jk = 0 or pi,jk > ǫ for all 1 ≤ i ≤ d, 0 ≤ j <
b0, 0 ≤ k < b1 bounds the number of possibleP (δ) by
(−(ln ǫ)/δ+1)b0b1 . For eachP (δ) construct a bucketing code.
Then replaceP1(δ), . . . , Pd(δ) by P1, . . . , Pd, decreasing suc-
cess and increasing work again by a factor. Taking small
enoughδ completes this proof.
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